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Foreword 


I have many people to thank for help in creating this book; I can 
mention only some of them here. 


W. W. Sawyer’s books about mathematics and teaching have been a 
major influence on me since I began teaching math. His clarity of 
thought and ability to communicate are an ideal I can only strive to- 
wards but will never reach. W.W.’s willingness to spend time and share 
his ideas with me during my first visit to England helped meto see what 
was possible. 


Eva and John Gray introduced me to the new world of symbolic algebra 
via Mathematica and restarted me on my previous symbolic experience 
via Mu Math which led me to Derive. 


Stephen Wolfram shared with me his vision of a world with proper 
computer tools to do math and then worked very hard to create such a 
tool and to distribute it showing us all what was needed. 


Theo Gray answered my many beginner’s questions while writing the 
front end of the Macintosh version of Mathematica and continues to be 
a great friend and help when I get in trouble (which is often). 


I thank Bob Davis who has encouraged my teaching for years and who 
has been suggesting I write a book for all of that time. 


I thank Robert Drayer for encouragement at a crucial time in the 
development of this book. 


Joyce Glynn and David Eisenman have my thanks for editing and 
encouragement throughout the project and Joyce has been a major 
force in taking MathWare, the publisher of this book, from an idea to a 
reality. 


My partner in The Math Program, Don Cohen, showed me what was 
possible by publishing his fabulous book, Calculus By and For Young- 
People (ages 7, yes 7 and up). Our successful partnership in The Math 
Program for the past 16 years supports our efforts to communicate 
what Don and I both believe about teaching math. | 


Mark Deininger has manipulated PageMaker and laser printers and 
graphics drivers and Derive and fonts and managed to create and carry 
through the design for this book which is far beyond what I hoped for at the 
beginning. 
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Foreword 


The authors of Derive, David Stoutemyer and Al Rich, had a direct 
effect on this book at many levels. By creating Derive they gave me a 
tool which was both powerful and practical. I wanted to write a book for 
this program because I knew it could get out to the people who don’t 
have big financial backing and who must work with modest every-day 
machinery. Al and David also are responsive to my suggestions for 
changes in Derive and this made me feel a part of the project and not 
just a user. Revision of this book benefited from the use of Derive, 
version 2.51. 


The main inspiration in all of my teaching, over the past thirty-two years, 
has been my students. My own children David, Brian, Clair and 

Erin, have always amazed me with their mathematical abilities. Stu- 
dents like Laura Kate who was almost 5 when we began working, or 
Carolyn who has attended The Math Program from the first grade 
through the fifth (and does amazing mathematical things every week), 
or Roger who decided to do his first calculus class in the summer 
(against my recommendation) and then worked so hard that he made it 
a success, have encouraged me to complete this book because I saw 
what was possible in their work. To them and to my future students I 
offer this book for their consideration. 


Jerry Glynn 
Urbana, Illinois 
July 27th, 1992 


P.S. The Derive computer bulletin board has been going strong for the past 
three years. It is a joint venture between Soft Warehouse and MathWare. 
Greg Smith's bbs software has performed admirably. Address mail for Greg 
to: 917 W. Columbia Ave., Champaign, IL 61821. 


The bulletin board is based in Urbana, IL at (217) 337-0926. It can handle 
communications speeds up to 14400 baud; settings, n (no parity), 8 (data 
bits), 1 (stop bit). 


We hope that Derive users will call with questions, suggestions and good 
ideas to share and that potential users will make contact to learn about 
Derive, A Mathematical Assistant for Your Personal Computer. 
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Why We Really Like Derive 


My partner Don Cohen and I have used Derive for 
more than four years; our students have used Derive for 
almost the same length of time. Our students are be- 
tween the ages of five and forty-five. Their experiences 
(and thus ours) are varied and complex. One of our 
students is a working engineer who is continuing to 
study calculus; others are unsuccessful first year algebra 
students. Some of our youngest students are learning 

to count by nines; others of our students are fifth grad- 
ers trying to remember 7*8 = 56. Some of our elemen- 
tary age students are studying graphs of trig functions, 
the binomial theorem, and calculus. 


We have found that all of our students can benefit from 
using Derive, although often for different reasons. We 
will tell some of our experiences at The Math Program 
and show some typical problems along with the Derive 
keystrokes necessary to explore these problems. We'll 
also include some pictures of what we are seeing on the 
computer screen. Ideally, you will type in these ex- 
amples yourself and then go on to try your own prob- 
lems. Good luck ! 


Everyone seems to believe that 2x+3x = 5x even with- 
out instruction in algebra. Almost everyone, with this 
same experience, seems to believe that 2x*3x = 6x. AS 
math teachers how do we cope with this conflict be- 
tween our students’ logical instincts and the rules of 
algebra? Before Derive, we would explain that x*x or 
X*X*xX Or X*x*x*x can be written in a shorthand way ... 

x? or x? or x’. So 2x*3x might be written 2*3*x*x which 
could be 6x2. Now that we have Derive we still do the 
same kind of teaching but we use Derive to provide the 
answer to 2x*3x, which “seems to be” 6x”. We suggest 
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that our students also try 2y*3y or 2a*3a to see if there 
is a consistent pattern to Derive’s answers. We also 
Suggest, when our students have a bit more experience, 
that they try 2a*3b*4c and 2a*3a*4a and 2*(3a+4b). 
We also suggest, very early, that all of our students 
make up their own problems, and that they notice how 
Derive transforms their expressions. We encourage our 
Students to show us and others what has happened in 
their work and where they are surprised by the results. 
We also suggest more complex expressions for experi- 
mentation. This may involve solving equations, or fac— 
toring algebraic expressions (or numbers), or plotting 
graphs. Using the computer program to show the inher- 
ent logic of the math by producing consistent results is 
one of our major applications for Derive. 






Another important use of Derive is simply as a source 
of answers. Like some amazingly powerful calculator, 
Derive will produce answers to numerical and algebraic 
problems. What are the roots of x*—1 = O or what is 
the graph of 2sin(3x)—1 = y or is 123454321 a prime 
number and if not what are the factors? Like a trusted 
19th century servant or a medieval knight or a genie 
from a special bottle, Derive is ready to tackle many 
mathematical jobs for its owner. 


Here is a series of sample problems that a user with 
Derive can easily solve, along with the keystrokes that 
carry out these solutions. This is a quick way to get an 
idea of Derive’s possibilities. This list can be a good 
introduction for a user. 
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Sample Problems and Solutions and Keystrokes to the 
Solutions 


1. Factor x2—12x-+35 into linear factors in x. 





keystrokes: A (for Author), type x*2—12x+35, Enter, F (for 
Factor), Enter, R (for Rational). 


2. Factor 123454321 into prime factors. 






keystrokes: A (for Author), type 123454321, Enter, F (for 
Factor), Enter. 


123434321 


a 
3. Solve x?2—23x+132 = O for all roots. 


keystrokes: A (for Author), type x*2—23x+132=0, Enter, L 
(for soLve), Enter. 


4. Graph y = x, y = x”, y =x” on the same axes. 


keystrokes: A (for Author), 
type y=x, Enter, A (for 
Author), type y=x‘*2, Enter, 
A(for Author), type y=x‘3, 
Enter, W (for Window), S (for 
Split), V (for Vertical), Enter, 
type key F1 (to move to the 
graph window), W (for 
Window), D (for Designate), 
type 2 (for 2D-plot), y (for 
yes), P (for Plot), A (for 


Algebra), arrowup, P (for 2 "at 
Plot), P (for Plot), A (for eaten: 

3: y= x : 5 ; : ‘ : ; é 
Author), arrowup, P (for SUNT UAE Gente Pele finie Meas Options Biot att Avale Ticks Window deen: |” 
Plot),P (for Plot). eet: ar yil Scale x:1 yil > Derive 2D-plot 


If your 2D graphs ever look raggedy, correct this by 
typing O (for Options), D (for Display), G (for Graph- 
ics), Enter. To close a window type W (for Window), C 
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5. Multiply out (y-13)(y+5) 








keystrokes: A (for Algebra), A (for Author), type (y—13)(y+5), 
Enter, E (for Expand), Enter. 


(y - 13) (y + 3) 










6. Solve x®—1 =O 2 


Se 
Seem 
Se 
See 
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keystrokes: A (for Author), type x*6—1=0, Enter, L (for 
soLve), Enter. 


7. Use Derive to make lists of mathematical objects that 
can help our mathematical understanding. = + 


keystrokes: A (for Author), 
type vector(kn, k, 1, 10), 
Enter, S (for Simplify), Enter. 





VECTOR ¢k n, k, 1, 18) 








See 
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keystrokes: A (for 
Author), type 
vector(x‘n, n, 1, 
10), Enter, S (for 
Simplify), Enter, 
C (for Calculus), 
D (for 
Differentiate), 
Enter, Enter, 

Enter, S (for wis 
Simplify), Enter 





n 
VECTOR <x , n, 1, 18) 


[ ee ge 
2: cs , +34. tt ss kt a 


df es =» 5 ft © See 
i a, te Res Sek et eee 
x 










We have created a family of polynomials and their 
corresponding derivatives. For a new student of calcu- 
lus these results could be studied and patterns found. 


Another kind of list can be created by the command 
iterates. If we take x = 0.3, and calculate the cos(0.3) 
and cos(cos(0.3)) and so on .. . we are doing by hand 
what iterates does automatically. 
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keystrokes: A (for Author), type 
iterates(cosx, x, 0.3, 4), Enter, X 
(for approX), Enter. 





Beet 


Notice that we generated five terms when the last op- 
tion was four. Try it yourself with the last option set for 
eight. Can you predict a pattern? 


If we want to study powers of a number, for example 2: 





keystrokes: A (for 
Author), type : _ [Cixteh ae) amit Sear EoD 

7 A : (2, 4, 8, 16, 32, 64, 128, 256, 512, 1024, 2048, 40961 

vector(2“n, n, 12), : VECTOR (ISIN (n 30 °>, COS (n 38 %), TAN (n 38 ©), COT (n 30 °9], n, @, 6? 
Enter, S (for Simplify), A —— 

Enter. 





We can look at this list and find patterns . . . add up 
the digits in each number. 


We can generate a list of trigonometric values in a 
similar fashion: 


keystrokes: A (for Author), type vector([sin(n*+30deg), 
cos(n*30deg), tan(n+30deg), cot(n*30deg)], n, 0, 6), Enter, S 
(for Simplify), Enter. 





If you want to study binomial expansions you could try: 


keystrokes: A (for Author), type vector( (a+b)“n, n, 5), 
Enter, S (for Simplify), Enter, E (for Expand), Enter twice. 


2 3 4 
[a + bh, Sg ee a ee me Se ee 





2 2 3 2 2 5" 4 
+h ae +t aah t+ bh , 2 eae bh + Bab +h, et 


Since this last list is longer than one line, hold down the 
Ctrl key and tap arrowright to scroll to the right. Or, tap 
arrowright, to highlight the first expression, and 
arrowright again to see the next term and so on. 
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If you want to generate a list of expressions which can 
then be graphed, the vector command will do it. We’ll 
create a list of parametric expressions (the first term is 
the x value and the second term is the y value). The plot 
command will allow us to plot a list of expressions. 


keystrokes: A (for Author), 
type vector([(cost)“n, 
(sint)“n], n, 5), Enter, S (for 
Simplify), Enter, W (for 
Window), S (for Split), V (for 
Vertical), Enter, tap key F1 
(to move to the second 
window), W (for Window), D 
(for Designate), 2 (for 2D- 
plot), Y (for Yes), P (for Plot), 
tap Enter 5 times, tap key F9 
(to zoom in). 


a 5 
cos ¢(t) SIN (t? 
ND: SEE Center Delete Help Move Options Plot Quit Scale Ticks 
Enter option 
ross x:1 


The plot five times is a 
temporary work-around; it 
allows us to plot more 
than one parametric at a 
time. 









Window Zoon 





y:l Derive 2D-plot 













Scale x:8.5 y:8.5 





You can also generate a 
list of regular Cartesian 
plots and plot them all at 


n 
i: vector ¢<lcos ¢t> » SIN co", n, 53) 















once. Many nice effects ews: Weds 
are possible: cos ct)” SIN ¢t>" 
2: cos “? SIN “y? 
keystrokes: A (for Algebra), cos <1)" SIN <1)" 
A (for Author), type cos ¢t)” SIN ¢t>” 
vector(n*x, n, —4, 4, 1/4), 3: VECTOR [n x, n, -4, 4, 
Enter, S (for Simplify), Enter, ok: 2 Bs i i 2 es 
(for AID, Plow Phot) nn | => RPTL GR Pais Saat ely tw 2 a oneome 
User Free : 100% Derive Algebr 
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Vector is helpful for making a list of decimals, for exami- 
nation, with enough decimal places to see what’s hap- 
pening. 





rtoseee 
state 


keystrokes: A ( for Algebra), A (for 
Author), type vector([n, 1/n], n, 23, 33, 
1), Enter, O (for Options), P (for 
Precision), Tab, type 33, Enter, X (for 
approXimate), Enter, tap key F1, W 
(for Window), C (for Close), Enter. 


i 
vecToR [[n, —|; n, 23, 33, i] 











23 8.0434782608695652173913043478260369 
@ .6416666666666666666666666666666666 
6.64 
@ .83846 153846 153846 153846 153846 15384 

27 §.80370370370370370370370370370370378 
6: 28 @.80357142857 142857 142857 142857142857 

29 0.034482758620689655 1724 137931834482 

38 0 .0333333333333333333333333333333333 
@ .8322580645 16 1290322580645 16 1298322 
6.63125 
8 .8303030303030303030303030303030303 





After changing the Precision to a 
high value, don’t forget to change 
it back to 6 digits, the default 
case. 






A vector of vectors is a matrix, in 
Derive. Normal matrix operations 
are available. We may define a matrix, m, two ways: 


keystrokes: A (for Author), type m:=([[1,2], [3,4]], Enter, tap D 
(for Declare), M (for Matrix); if the word Insert is on lower part 
of the screen tap Insert, type 2; Tab, type 2, Enter, type w, 
Enter, type x, Enter, type y, Enter, type z, Enter, A (for 
Author), type p:=, tap key F3 (to copy), Enter, A (for Author), 
type 2m, Enter, S (for Simplify), Enter. 


Try lots of combinations . .. m* or m+p or m.m (use a 
decimal point for matrix multiplication), 1/p or p™ for 
inverses or 2p+3m. In each case S (for Simplify) will 
Carry out the action. 


If we are investigating polynomials of the form x*-1, 
where n is a natural number, and how these polynomi- 
als factor, we might create the following vector and act 
on it: 
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keystrokes: A (for Author), type vector(x‘n—1, n, 4), Enter, S 
(for Simplify), Enter, F (for Factor), Enter, R (for Rational) 






n 
x VECTOR (x - 1, nm, 4) 


Ss 





[ 2 3 
4; t= 5 = 4s =e 





2 2 
5 Nr aaa Ga ee 4 5 ei 








OO 
etetetes 


If we believe there’s a pattern to the results when x?—1, 
x*—1, and x*—1 are factored, then we can try: 


keystrokes: A (for Author), type vector(x‘(2“n)—1, n, 3), Enter, 
S (for Simplify), Enter, F (for Factor), Enter, R (for Rational). 


Pe re ee oe. 







8. Use the calculus definition of slope to analyze the 
Slope of y = sin(x). 


keystrokes: A (for Author), type (sin(x+h)—sinx)/ 
(x+h—x), Enter, C (for Calculus), L (for Limit), 
Enter, hold down Del key until clear, type h, Enter, 
type 0, Tab, A (for Above), Enter, S (for Simplify), 
Enter. 


x4 + 2 
SIN (x + h) - SIN (Cx) 
x+h- x 








9. Solve 3x+5 = 21 using step-by-step methods. 


3“ 4+ 3 = Zi 


keystrokes: A (for Author), type 3x+5=21, Enter, B (for e = 
Build), Enter, tap -, arrowleft, arrowdown, arrowright, Enter, : (Sx +#5 = 21) - 5 
D (for Done), S (for Simplify), Enter. s 
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keystrokes: B (for Build), Enter, type /, arrowleft, arrowdown, 
Enter, D (for Done), S (for Simplify), Enter, X (for 
approXimate), Enter. 


10. Factor x*+1 to linear factors using complex num- 
bers if necessary. 


keystrokes: A (for Author), type x‘4+1, Enter, O (for 
Options), P (for Precision), E (for Exact), Enter, F (for Factor), 
Enter, R (for Rational). 


Derive returns the same expression that we put in, so 
no factoring of x*+1 with only rational numbers is 
possible. We’ll now try Factor- raDical. 


keystrokes: F (for Factor), Enter, D (for raDical). 


We see that it was possible to factor if we 
used radicals. We’ll now highlight the 2 fac- 
tors separately, and try to factor them allow- ase © 
ing complex numbers. 2 





keystrokes: arrowleft, F (for Factor), Enter, C (for Complex), 
arrowright twice (to highlight x"-(sqrt2)x+1), F (for Factor), 
Enter, C (for Complex). 


Se 
se 
se 
se 








Ci + T> 2 
ep & - f2 x + 1) 


ste) 
ee) 
sete 


There are so many paths opened up by this single tiny 
project that I am left breathless!! 


11. Change (1+1%)” to normal complex form. 


keystrokes: A (for Author), type (1+, hold down the Alt key and 
type i, type )13, Enter, S (for Simplify), Enter. 
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12. Solve sin(x) = cos(x) by graphical methods. 








keystrokes: A (for Author), 
type sinx, Enter, A (for 
Author), type cosx, Enter, 

W (for Window), S (for Split), 
V (for Vertical), Enter, F1, 

W (for Window), D (for 
Designate), type 2 (for 2D- 
plot), y (for Yes), 

A (forAlgebra), P (for Plot), 

P (for Plot), A (for Algebra), 
arrowup (to highlight sin(x)), 
P (for Plot), P (for Plot). 








1: siime) 

2: COs (x) 
Now you should have 2 COMNAND: “JITRSS Center Delete Help Move Options Plot Quit Scale Ticks Window Zoom = 
graphs on the Same grid. C oes = yil Scale x:i yil Derive 2D-plot 


The way your picture looks 

depends on 3 settings: Scale, Option-Accuracy and 
Ticks. I’ll suggest settings now that work nicely and Ill 
continue through to the end. You might try later to vary 
the settings, in this context, to see what happens. 


keystrokes: S (for Scale), type 1, Tab, type 0.5, Enter, T (for 
Ticks), tap Del to clear, type 2, Tab, tap Del to clear, type 5, 
Enter, tap O (for Options), A (for Accuracy), type 6, Enter. 


Now we’ll move the marker (+) on the screen to a 
point where the 2 graphs cross. Look on your graph 
screen and press the arrow keys and you'll probably see 
the marker moving. If you don’t see it, tap the Home 
key to bring the marker back to (0, 0) and then tap the 
arrow keys. For faster motion use PgUp and PgDn for 
the vertical motion and hold down the Ctrl key and tap 
the arrowleft and arrowright keys for the horizontal. 
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Arrow to a point where the 2 graphs cross; read the 
lower left of your screen to learn the x and y values of 
the marker (+). My reading is x: .775  y: .6785. 





keystrokes: A (for Algebra), 

A (for Author), type .775, 
Enter, tap key F1 (to return to 
the graphing window), hold 
down the Ctrl key and tap 
arrowright until the marker (+) 
moves close to the next 
crossing and then arrowleft or 
right alone to move closer (if 





your next crossing point is off 1: SIN 

the screen, move the marker a gmc 

(+) as close as you can then tap) fija: © 3.925 

C (for Center)). s spe = Se aes ss 

COMMAND: “BETIS Center Delete Help Move Options Plot Quit Scale Ticks Window Zoom 

My next x reading is 3.925  BRSsz 3761995 y:@. 6875 Scale x:1 y:0.5 Derive 2D-plot 
and the y reading is = 
—.6785. 


keystrokes: A (for Algebra), A (for Author), type 3.925, 
Enter, B (for Build), Enter, type —, arrowup (to highlight 
0.775), Enter, D (for Done), X (for approXimate), Enter. 


A new game to go with all of the above little bits: 


keystrokes: Tap F1 key (to move to the graph window), hold 
down the Ctrl key and tap arrowleft twice. 


This action seems to move the marker (+) to the left 1 
unit. If the next crossing is about 27t or 6.28 units to the 
left of our crossing at (3.925, —.6785) then: 


keystrokes: Hold Ctrl and tap arrowleft to move 5 more units to 
the left (or 10 key presses) and then a few taps on arrowleft 
alone to come up close to the next crossing. 
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If you're off the screen there is no problem because you 
tien .5. 


keystrokes: Type C (for Center) 


See if you’ve predicted correctly! 


13. Solve problem 12 by analytic methods. 





keystrokes: A (for Author), type sinx=cosx, Enter, L (for 2 
soLve), Enter. ae Ji: SIN x) = COS (x) 


14. Find the limit of sin(x)/x as x approaches 0. 


keystrokes: A (for Author), type sinx/x, Enter, C (for Calculus), : 
L (for Limit), Enter, Enter, type 0, Tab, A (for Above), Enter, S : SIN x) 
(for Simplify), Enter. e 


15. Solve force = mass*acceleration for mass; for ac- 
celeration; for force if mass = 12 g and acceleration = 
9.8 m/sec? 





keystrokes: O (for Options), I (for Input), W (for Word), 


E force = mass acceleration 
Enter, A (for Author), type force=mass*acceleration, Enter, 


O (for Options), P (for Precision), E (for Exact), Enter, L (for Mass = See . 
soLve), Enter, hold down Del key to clear, type mass, Enter. acceleration 
acceleration = — 
keystrokes: L (for soLve), Enter, Enter. mass 
force 12 9.8 
keystrokes: Arrowup (to highlight force=mass acceleration), 588 


M (for Manage), S (for Substitute), Enter, hold down Del key . force = ——— 
to clear and type 9.8 if you just erased acceleration or 12 if 
you just erased mass, Enter, if SUBSTITUTE variable: is _GE EAL 
force press Enter, if mass hold Del to clear and type 12, eS 

Enter, S (for Simplify), Enter, X (for approXimate), Enter, 

when you're finished change back to Character Mode .. ., O 

(for Options), I (for Input), C (for Character), Enter. 
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16. Factor 64x°—125y° 





keystrokes: A (for Author), é 5 
type 64x“6—125y‘3, Enter, F (for : 64x - 125 y 


Factor), Enter, Enter, R (for Rational). d 
Se Beir oe, Fe 8 ee coe 





17. Define a function that will give 
the distance between 2 points, (a,b) and (c,d). Use this 
function to find the distance between (17, 11) and 





(—5, —13). 
keystrokes: D (for Declare), F 3 2 
(for Function), type distance, ; DISTANCE (a, b, c, ad i= YlCe - ad + Cd - Bb) } 
Enter, hold down the Alt key and , DISTANCE (17, 11, -5, -13) 
tap Q (for the square root sign), 2 J265 
type ((c—a)*2+(d—b)*2), emckyss 
Enter, A (for Author), type = 


distance(17,11,—5,—13), Enter, S 
(for Simplify), Enter, X (for approXimate), Enter. 


18. Find the slope of 2x—3y = 13 by non—calculus 
methods; use the form y = mx+b, with m as the slope 
and b as the y intercept. 


keystrokes: A (for Author), type 2x—3y=13, Enter, O (for 
Option), P (for Precision), E (for Exact), Enter, L (for soLve), 
Enter, tap Del key until clear, type y, Enter, E (for Expand), 
Enter, Enter. 


So, it looks like the slope is 2/3. 


tenet iiviitiiiviiivgicigisiviiigevviseviiesseetevtivigivieeiveivevevsveiicessIvregesvetessvvsevitevvvresserevvveees 
seerererececereceatetatetateteteteteteteteteteteteteteteteteteeteteteteteeeateaseeneeeeeneerereeseesseereserersserersrererererererarerersrerereversrereerererersrererersrsrereterererererersrerersrererererersrarersrererererersrsrerarernarererererasererastrerererasersrarereseresereetetetetetetetetetetatetetetetetetetetetetetetetetetetetatetes 
0 0°00 096000 00s10 eis 0. e10 0.0 cus esis eevee eve 01070 si0"eue 0 eis 010 s/s "eis 0's 0 0s 07e 0'0"¢ 4101414 07070 0 e"070 0 00 ee 014 07s a oes 0s 07ers e's 3's s 0 s7a1os 016737070 s 0 00e1e/0-4 0 6 0 04 a"s s107s14 07st ot 4 ene 07070 00 001010 010 0 010 0vtre_e 810 0 010 0-0 els t10 rs 0 tis vase 01010 sot eit ous 10. 
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e r 
19. Graph the circle 
e 
eostineall 
e 


keystrokes: A (for Author), 
type x42+y2=1, Enter, L (for 
soLve), Enter, type y, Enter, W 
(for Window), S (for Split), V 
(for Vertical), Enter, tap key 
F1 (to move to the next 
window), W (for Window), D 
(for Designate), 2 (for 2D- 
plot), y (for yes), P (for Plot). a 





Now watch Derive graph —fl#_#==sa-») 


. COMMAND: SIFTQAH Center Delete Help Move Options Plot Quit Scale Ticks Window Zoon 
the top of the circle. Eater option 
Cross x: gil Scale x:@.2 y:@.2 Derive 2D-plot 


efeteres 
Setetete! 


keystrokes: A (for Algebra), arrowup (to highlight 
y=sqrt(1—x’)), P (for Plot), P (for Plot). 


20. Find the sum of the numbers from 1 to 10; from 
1 to 20; from 1 to 30; from 1 to n. 


keystrokes: A (for Author), type k, Enter, C (for Calculus), S 
(for Sum), Enter, Enter, Tab, type 10, Enter, S (for Simplify), 
Enter. 


keystrokes: Arrowup once, A (for Author), tap key F3, hold 
down Ctrl and tap A twice, type 2, Enter, S (for Simplify), 
Enter, arrowup once, A (for Author), tap key F3, hold down 
Ctrl and tap A twice, type 3, Enter, S (for Simplify), Enter. 


keystrokes: A (for Author), type k, Enter, C (for Calculus), 
S (for Sum), Enter, Enter, Enter, S (for Simplify), Enter. 





Sieceseeceeeececeneceeeeeneceneeceeeneennneeneeeenanennneenneeennete nme cennneee enna semmnesammenenmmeesommasensssmnmesonmmseonsseeepsssesnusetie 
EEE EES EEE LEE ELLE EEE EEE SEES SESS SESS EES SESS SESEESESSESESSESSESE SEES SEESSEES SES SESS EES SSES SESE ES ESE SESS 


Why We Really Like Derive ! 
Chapter 1 


MT OTE MICOS CEES EEE SEE SEES ISS E SEES EESSEEE ES SSIES ESSE SESS SEEISEES SSS SESS ES SSSESESEESSSSSSSSESSSSSSSSEESESSS 
Sees eee vneaecee ee 
sear tate eae E EEE EEEEE ESSE ESS SESS SSSI OSSD COPE COTC COPPER TCETEP CEE TCCET TEEPE EEE TC EEC TESTE TCO EL CCC T ECCT CEET OCCT EEOC TOTES tiie 


21. Find the slope of y = x”, by graphical methods, at 
the points (1, 1), (2, 4) and (3, 9). (Here we use Derive 
as a mathematical microscope!) First, we’ll open up a 
graph window: 


keystrokes: W (for Window), S (for Split), V (for Vertical), 
Enter, tap key F1 (to move to the next window), W (for 
Window), D (for Designate), 2 (for 2D-plot), type y (for yes), A 
(for Algebra). 


Now we’ll work on the graphs. 





keystrokes: A (for Author), type y=x‘2, Enter, P (for Plot), M 
(for Move), tap down Del to clear, type 1, Tab, tap Del to clear, 
type 1, Enter, C (for Center), S (for Scale), type 0.001, Tab, type 
0.001, Enter, T (for Ticks), type 1, Tab, type 1, Enter, P (for 
Plot). 


By moving close to the graph y = x’ at (1, 1), we notice 
that the curve seems rather straight. The marker (+) is 
at (1, 1) so, by eye, move to the right 1 space (or one 
grid dot) and up 2 spaces to arrive again at the “curve”. 
The slope is 2/1. 





Now we’ll move to the point (2, 4) which is also on the 
curve y = x’. 















keystrokes: M (for Move), type 2, Tab, type 4, Enter, C (for 


Me Beds bis Sosand sans He 
We are now looking closely at the same y = x” with (2, : ee es es 
4) as our center of focus. Count over totherightland jo... gece. 
up 4 to meet the “curve” so the slope is 4/1 (the “curve” joo... 2 oo pile. 
does seem steeper here at (2, 4) than before at(1,1)). fesse see fee ee. 
Try the same process to focus on (3, 9) or anywhere fe 
else on the “curve”. Try the same process for different {J 6.:... 0. foec sees) 
functions; for example y = x? or y = 2x2 or y=e*ory= (oof 


sin(x) or... 


Sele EE IES EEE IA ESI IIE IEE IEE IIE EI I CE EI I IIE EEE EE IIE EEIIEIEvllsvseeveveveevssssvssssssssssisssssssssssannee 
stadedeteretereretetetetatetateretetatereteretetetatetetetetereretorsrerererenetersterererenererereterenetetersrerstereterstersterstererererereretersterersrererenerarerenessseesssoreperereressnenescreresesegesenesesssssnsesersrenernatanstssessenstsecgnctanatestatststststetetatatatstste ststetststetelstetetsereeseeemseee ese 
ese seetatatatetatatetetatenateroranetetstateneteterenonerstetetenetetereteteeteran notes ereretone etetataetseterenstsnsatateseae estate setetstsrstateerseteeerssetetessenatetcnstararetssseracncnaseteensta csnsrelacesesvatceserecncnsssrsrcrsasesssuccsrssscsnesccocensrccescnezerexszeselescocee=eacscsesescecscaceuetacas 
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22a. Find the area between y = x and y = O and x = 1. 


keystrokes: A (for Author), type x, Enter, C (for Calculus), I 
(for Integrate), Enter, Enter, type 0, tap Tab, type 1, Enter, S 
(for Simplify), Enter. 


Questions 22b and 22c are given without keystrokes. 
You need to do almost exactly the same as the key- 
strokes for 22a. 


22b. Find the area between y = x? and y = O and x = 1. 
22c. Find the area between y = x? and y = O and x = 1. 
Maybe a little graph would be nice. 


keystrokes: W (for Window), S (for Split), V (for Vertical), 
hold down the Del key to clear, type 34 (to place the vertical 
line segment 34 units (out of 80) from the left), Enter, tap key 
F1 (to change to the graph window), W (for Window), D (for 
Designate), type 2 (for 2-D plot), y (for yes), T (for Ticks), tap 
Del to clear, type 4, Tab, tap Del to clear, type 9, Enter. 





keystrokes: A (for Algebra), arrowup, arrowright (to 
highlight x), P (for Plot), P (for Plot), A (for Algebra), 
A (for Author), type [1,y], Enter, P (for Plot), P (for 
Plot), hold down Del key to clear, type 0, Tab, hold 
down Del key to clear, type 1, Enter. 


This picture shows us the area enclosed by 
y=x, the x axis and x=1. We can see that the 
answer of 1/2 for the area is a reasonable 
result. 
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keystrokes: A (for Algebra), A (for Author), type x*2, 
Enter, C (for Calculus), I (for Integrate), Enter, Enter, 
type 0, Tab, type 1, Enter, S (for Simplify), Enter, 
arrowup, arrowright (to highlight x‘*2), P (for Plot), P 
(for Plot). 


My picture is small so I’11 move the marker 
(+) with the arrow keys to the center of 
action. 


keystrokes: C (for Center), tap key F9, tap key F9, C 
(for Center) to have a better look. 


Try it yourself. 


keystrokes: A (for Algebra), A (for Author), type x43, 
Enter, C (for Calculus), I (for Integrate), Enter, Enter, 
type 0, Tab, type 1, Enter, S (for Simplify), Enter, 
arrowup, arrowright (to highlight x3), P (for Plot), P 
(for Plot). 


23. Derive can work in base 2 through 36. 
Here we will change base 10 input to base 2 
output and try it on the number 32 and also on 
factoring x*—1. 





keystrokes: O (for Options), R (for Radix), Tab, tap Del to 
clear, type 2 (for Output), Enter, A (for Author), type 32, 
Enter, A (for Author), type x‘4—1, Enter, F (for Factor), 
Enter, R (for Rational). 





5 
pg SS Ee ee 8 eS #1) 


When you're finished with this exercise change the 
radix back to 10 for the input and 10 for the output. 





Sainte conetineneinetteenentneicintntiencceeeneanenmieetemeemeere eet cee Sate 
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24. Change sin(2x) into an equivalent statement pre- 
dominantly in terms of sinx. Do the same for sin(4x) 
and sin(6x). 


keystrokes: A (for Author), 
type sin(2x), Enter, M (for 
Manage), T (for Trigonometry), 
E (for Expand), S (for Sines), 
Enter, S (for Simplify), Enter. 







SIN (2 x) 
2 SIN (x) COS (x) 
SIN ¢4 x) 







3 
(4 SIN (x) - 8 SIN (x) > COS (x) 
J: SIN (6 x) 


(32 SIN (x) - 32 SIN (x) + 6 SIN (x)) COS (x) 


keystrokes: A (for Author), type sin(6x), Enter, S (for 
Simplify), Enter. 






keystrokes: A (for Author), 
type sin(4x), Enter, S (for 
Simplify), Enter. 





25. Investigate a nested function of the form 1+1/x. 


keystrokes: D (for Declare), F (for Function), type phi, Enter, 


: 1 
Type 1+1/x, Enter. ji: PHI (x) i= 1 + — 


x 
This is the end of round 1. 
keystrokes: A (for Author), type phi(phi(x)), Enter. 


This is the end of round 2. 


keystrokes: M (for M fi i E l . 
y es (for Manage), S (for Substitute), Enter, De a: PHI (PHI (PHI (PHI (x)))) 
to clear, F3 (to copy), Enter. ro 


This is the end of round 3. At the end of round 1 we 
had 1 level; at the end of round 2 we had 2 levels; at the 
end of round 3 we had 4 levels and at the end of round 
4 we would have 8 levels. 
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To see a number which is an approximation for the 
value of phi: 
keystrokes: M (for Manage), S (for Substitute), Enter, Del to PHI (PHI (PHI (PHI (1)))) 
clear, type 1, Enter, S (for Simplify), Enter, X (for approX), 
Enter. 


This can all be automated: 





keystrokes: A (for 
Author), type 
iterates(1+1/x, x, 1+1/ 


x, 5), Enter, F (for Bx+3 13x+8 
Factor), Enter, R (for 8x +5 
Rational), M (for 131+8 
Manage), S (for : . . : Soe 
Substitute), Enter, 

type 1, Enter, S (for 





Simplify), Enter. 


26. Investigate y = x’°, y = 2* and y = 3* to see where 
they might intersect. 


keystrokes: A (for Author), type 


vector([x, x10, 2°x, 3x], x, 10, 60, | 1:  SxestoiReleraes oan a FD 
10 
10), Enter, X (for approX), Enter. 10 19 1024 59049 
13 5 4 
From the resulting table we can 26 «1.624 18 1.04857 16 3.48678 18 
14 ¢ 14 
see the general region for each | 3@ 5.9949 10° «=: 1.07374 10 2,@5891 10 
of the functions crossing. For x’° 16 12 19 
and 2* we might run the same 1.04857 18 1.09951 18 1.21576 10 
; 16 15 23 
vector expression between 55 9.76562 1@ 1.12589 1@ 7.17896 10 


17 18 28 
and 60. 6.04661 1@ 1.15292 19 4.23961 10 





I first heard of this problem at 
the Exeter Conference on Secondary Math Teaching 
and Computers. I would recommend this stimulating 
group to any math teacher. 
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Why We Really Like Derive! 
Chapter 1 
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keystrokes: A (for Author), type vector([x, x10, 
24x], x, 55, 60), Enter, X (for approXimate), Enter. 


2.53295 10°. 3.60287 10°° 
From this table it looks like y=x!° and y=2* 17 16 
must cross between x = 58 and x = 59. The ee 
chase could be narrowed as far as we like. 3.62033 10 1.44115 10°” 


17 17 
4.36864 16 2.88228 16 


27. Integrate Ln(x") with n going from 1 to 5. 1? 


1? 
3.11116 16 2.76466 16 


Derive is quite good at indefinite integra- 6.94661 18°" 1.15292 16°" 
tion, as you’ll see here. It’s also true that a 

many functions “distribute” across vectors (like Factor, 

Differentiate, Integrate, Sum, Limit, Expand, 

approXimate and Plot. 





keystrokes: A (for Author), type vector(In(x‘n),n,5), Enter, S 
(for Simplify), Enter, C (for Calculus), I (for Integrate), Enter, 
Enter, Enter, S (for Simplify), Enter. 


eeaetets 
siete 
Sees 
See 


n 
1: VECTOR (LN (x 3, n, 3) 

2 3 4 3 J 
2: [LN (x), LN (x >, LN (x 3, LN (x 3, LN (x > 


J [ 2 3 4 2 1 
3: LN (x), LN (x >, LN (x >, LN (x >, LN (x 34 dx 





This series of problems was designed to show the power 
and versatility of Derive. How you use Derive is impor- 
tant to the author. Whether you are a 5th grader, 

an engineer or physicist or math teacher, a college or 
high school or junior high school student, I am inter- 
ested in your favorite uses for Derive. Please let me 
know about your progress. 
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With a computer program like Derive you can have 
some fun with calculating and may have insights. Let’s 
start with an example: 25*16 = 400. 


keystrokes: A (for Author), type 25*16, Enter, S (for Simplify), 
Enter. 


In Derive, multiplication appears on the screen as a 
space between the two elements. When you are typing a 
multiplication problem into Derive, you can use either 
the space or the *. 


How do we do this calculation in our head? Well... 
another name for 25 is (1/4)*100 so... 25*16= 
(1/4)*100* 16 = 100*(1/4)*16. So now 25*16 can be 
done mentally. (1/4)*16 = 4 and 100*4 = 400, so 
25*16 = 400. 


Let’s try the same technique on 25*12 = (1/4)*100*12 
= 100*(1/4)*12 = 100*3 = 300. 


Try 25*32 25*24 25%*44. Make up your own and 
teach a friend how to do this. Teaching is a great way to 
learn! 


Use Derive to check your mental calculations and also 
to record your results. 


Now that you can do 25*12 in your head, how about 
75*12? If 75 = 3*25 then 75*12 = 3*25*12 so 
3*((1/4)*100)*12 = 3*((1/4)*12)*100 = 3*3*100 = 
3*300 = 900. 


Here’s 75*28 the same way: 


75*28 = 25*3*28 = 3*(1/4)*100*28 = 3*100*7 = 2100. 
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Calculating 
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Try 75*24 75*36 75*44. 


Make up your own. Use Derive to check and record 
your results. 


If 25*12 = 300, then 25*13 must be 25*(12+1) = 
25*12+25*1 = 300425 = 325. 


Try 25*17 25*25 25*33 25*41 25*101 2589. 
What about 25*15? 


If 25*16 = 400, then 25*15 = 25(16—1) = 400—25 = 
Jf: 


Try 25*23 25*31 25*43 25*7 25*47 25*87. 
And what about 25*18? 

25*16 = 400, so 25*18 = 25(16+2) = 400+50 = 450. 
Try 25*26 25*34 25*46 25*54 25*22 25*66. 
Could we do 75*23 mentally? 


75*24 = 3*25*24 = 3*600 = 1800. So... 75*23 = 
75(24—1) = 1800—75 = 1725. 


dry... 73"17) T3825 27543) 5837. 


Now we’ll mix them all together . . . see if you can sort 
them out. 25*48 75*36 25*13 75*14 75*48 
25*49 75*49, 


Practice these for five minutes a day and they will be- 
come simple to do. Teach a friend how to do it and 
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Calculating 
Chapter 2 


YOU will improve. Look for patterns like these and 
write to us and share your discoveries. 


New patterns of calculation. ..9*11 19*21 29%*31. 
Use Derive to record these statements, do your mental 
calculations, and use Derive’s answers to check you 
work. 


keystrokes: A (for Author), type 9*11, Enter, S (for Simplify), 
Enter and so on for the others. 


Let’s pause and look at the pattern of the statements: 
9*11 19*21 29*31 and so on. What would be next? 
And after that? And then? 


Now look at the pattern in the products. 
Guess the next result! 39*41 = ?77? 


Well ...99 399 899 seems to indicate the calculations 
all will end in 99. Our next job is to look for a pattern 
in the digit(s) in front of the 99. 0 3 8. Since 0 to 3 is 
3, and 3 to 8 is 5, maybe the next step is 7. 99, 399, 
899, (8+7) and then 99 producing the next number, 
1599. So 39*41 = 1599. Next 15+9 = 24, so 49*51 = 
2499 ... Keep going. 


Try 8*12 18*22 28*32. Use Derive to build up this 
record and then guess the next and record your guess. 





keystrokes: A (for Author), type 38*42=, type your guess here, 


38 42 = 159 
Enter, S (for Simplify), Enter. . 


1596 = 1596 


Keep going with the next question in the sequence and 
your guess. As always, there’s more than one pattern 
here. The more you look, the more you'll find. 
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Calculating 
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Try 7*13) 17*23  27*33 and so on. 

Try (10—1)(10+1) = 107-12, (20—1)(20+1) = 207-12. 
(n—1)(n+1) = n*—-12..  (n—a)(n+a) = n?~a?. 

Patterns and Calculating with Powers. 

37+4? = 5* seems to be true. 


keystrokes: A (for Author), type 3424442 = 542, Enter, S (for 
Simplify), Enter. 


Try 474+57=6? 27437=4? 674+82=10? 297430?= 
31%) -974-127= 15? =ne(n+1)? = 42)" 


Which ones were TRUE? Follow up .. . push it 
further. 


Try (3n)*+(4n)? = (Sn)? 134+ 23433 = (14243) 
(1'4+2°+3°+4°) = (1424344)? (n—1)?+n3+(n+1)3 = (3n)” 


Fractions and Decimals. 


Derive is a great place to experiment with fractions and 
decimals. If 1/4 = .25 then 2/4 must be .50 and 3/4 must be 
.15_ Who needs a computer? Who knows 1/8 as a 

decimal? Not everyone. But everyone knows 2/8 = .25 
because 2/8 = 1/4. 


So... 1/8 is half of 2/8 and therefore 1/8 = 1/2 of .25 or 
1/2 of .250 = .125. Now 3/8 is easy... it’s 1/8 + 2/8 or 
.125 + .250 = .375. And so on. 


Who knows 1/12 as a decimal? Not too many. 2/12? 
Still a problem. 3/12? No sweat! 3/12 = 1/4 = .25 or 
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.250 so 1/12 is .250/3 = .0833 or (8 and 1/3) hundredths 
so 2/12 is .16666 or (16 and 2/3) hundredths and so on. 


Try the same process on 1/16, 2/16... (The trick we 
learned with twelfths is to try an early problem, say 1/ 
12, and if it seems hard, then move on to 2/12, which we 
also don’t know, and then go to 3/12 which we do know. 
Don’t stop at the fraction you don’t know . .. move on 
until you find one you do know and then work back- 
wards (this gives hindsight). Now you’re ready to do 
the 16ths. 


Try 1/7 as a decimal. Who knows? 2/7? 3/7? 


4/7? ... this is not getting better. We need a new ap- 
proach. 


keystrokes: A (for Author), type 1/7, Enter, S (for Simplify), 
Enter, X (for approXimate), Enter. 


4 10: 


This result of 1/7 to 6 decimals is not exactly what we 
want. Maybe 80 decimals or so would be better. 


keystrokes: O (for Options), P (for Precision), Tab, tap Del to 
clear, type 80, Enter, arrowup to highlight 1/7, X (for 
approXimate), Enter. 





Calculating 
Chapter 2 


6.142857 


141: @.14285714285714285714285714285 714285714285 714285714285 714285714285 714285714285714 


Now we can see what’s happening. Try 2/7 and 3/7 and 
look closely at the decimals in each case. Patterns, pat- 
terns ... guess 4/7 and 5/7 and so on. Say the digits in 
1/7 out loud . . . listen to yourself... one, four, two, 
eight, five, seven, one, four, two, eight... NOTICE... 
NOTICE. You can do it. It’s like a secret world that has 
been there waiting for your eyes to see. PREDICT 
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Calculating 
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... PREDICT... and check. Try 1/9, 2/9... 1/11, 
Z/ll... 1/17, 2/17 . . . 1/37, 237 2 & Keep.goine! 


More Fractions and Decimals With Another 
Look 


Certain fractions produce interesting results. 
1/3 = .33333333333... 


The three dots at the end mean that it continues in the 
Same way. Derive can help with these patterns. 


keystrokes: A (for Author), type 1/3, Enter, O (for Option), / 12: 
‘(|13: @.333333339333 


P (for Precision), Tab, tap Del key to clear, type 12, Enter, 
X (for approXimate), Enter. 


AS you can see, we can control how many digits appear. 
So 1/3 has 1 digit repeating as a decimal. Look for 
other fractions whose decimal representation is 1 digit 
repeating. Can you find fractions whose decimal seems 
to be just 2 digits repeating? 3 digits? 5 digits repeat- 
ing? 


Let’s turn the question around. If I present a decimal 
like 0.37, can you make that into a fraction? Easy: 
37/100. How about .3737? Easy again: . . . 3737/10000. 
OK, how about 0.3737 . . . (This means 0.37 continues 
forever)? It’s hard to believe there is a simple fraction 
which equals such a decimal. Go hunt for it. Use De- 
rive to help your search. Look for a long time and 

you ll learn a lot. 


Now that you’ve had your fun hunting (with or without 
Success) here is the lovely analysis that came about in a 
conversation at Urbana High School in Urbana, IIli- 
nois. I was preparing a class of future high school math 
teachers at the University of Illinois and we were work- 
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ing each day at the local high school. Sometimes we 
worked with high school students and sometimes 
among ourselves. A university student said he’d forgot- 
ten the procedure for changing repeating decimals to a 
fraction, I said, Let’s invent a new way (Maybe I’d for- 
gotten the standard procedure, too.). 


We looked at 0.3737 .. . and asked what’s an approxi- 
mate answer? We immediately came up with 37/100. 
We asked, “Is this too big or too small?” Well 37/100 is 
0.37000, so it’s smaller than 0.3737... 


OK, how do we make fractions bigger? Just two ways: 
make the top number bigger (in this case, 38/100— 
which is too big) or make the bottom number smaller 
(37/99). We were both shocked to find that 37/99 was 
exactly correct. 


keystrokes: A (for Author), type 37/99, Enter, 


X (for approXimate), Enter. 14: ale 
Wow! Does that always work? ee 


Try these infinitely repeating decimals. See if you can 
find fractions that equal them. 


Try 0.2424 . .. or 0.1313 . or 0.9797 . .. or 0.0707... 
or 1.6262... or 0.379379... or 0.0264264 . . . or 
13.0043924392 ... They can be done. Were we excited! 


That’s the real reason for studying math: the excitement 
that comes when an idea that is new to you appears. 
You never know when. Let’s see: 1.6262 . . . would be 
1 + 62/100 = 1.62, so 1 + 62/99 should do it. 
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Let's try 0.0264264. Start with 264/1000 = 0.264. So 
264/999 = 0.264264 . . . If I now divide by 10, then 
264/9990 might do it. Make up new and better ways. 
Write to us when you find one. It’s great when you 
make your own discoveries. 


Our precision has been set for 12 digits. A good habit 
to develop is to change the precision back to 6 digits as 
soon a possible. Otherwise, you may be graphing a 
function and Derive will take much longer than neces- 
sary because the precision is set too high. 
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Graphs are an important part of math exploration, and 
Derive can help. First we’ll show you how to set up a 
most useful screen arrangement. 


keystrokes: W (for Window), 
S (for Split), V (for Vertical), 
tap the Enter key, tap key F1 
(across the top or at the left 
edge of your keyboard), W 
(again for Window), D (for 
Designate), type 2 (for 2D— 
Plot), O (for Options), D (for 
Display), G (for Graphics), H 
(for High), choose your 
monitor, Enter. 


This arrangement of an 





algebra screen at the left 
and a graph screen at the ross Nein Scale x:1 wil Derive 2D-plot 


right is the setup that we 
meres Geis. De”: —— SSS 
rive is capable of support- 
ing many separate win- 
dows; I don't suggest that 
you do this until you have 
more experience. 


keystrokes: A (for Algebra), A 
(for Author), type 2x—1, tap 
the Enter key, P (for Plot), 














P (again for Plot). 
Here you see the graph of Y |ComMAND: 2eTsT Center Delete Help Move Options Plot Quit Scale Ticks Window Zoom 
= 2x—1 Or f(x) = 2x—1 C i oT yil Scale x:1 uil Derive 2D-plot 


depending on which nota- 

tion you prefer. Notice that the graph crosses the verti- 
cal or y axis at the point (O,—1) and the pattern on the 
graph is to the right 1 tick and up 2 ticks. Try graphing 


ORO OOOO ESS 8.8.0)9.44.4.90.4 0-4.0'010'0'0-0'0'0.0' 4" 4'0"0\00"4\0"0"0100"4"0"0"4\0"0"00)0"0 e's! 0141e"0'0 0010" 0"e'0"e"0'e) 0101s 0"41010"s1e'e's"e'e"0'e"e1e"e's]eieleie"e1e'e"e"' e's sels e"e]s1e sie" eleieieieleielelelsieleleieiee/ee's1e)eie'e'eis"e"sie"s 00's 0" 
atatatatatetetetatetatatstetetetetetahetatstetatetetstetetetstetetatatetatatetetetetetetetete tata tetetetetetstrtetetetetetetetetetets teat eeerereeesarteessrererererereersrererereserersserersrerererererererersrerererererererererererserererere er erererereere sere tereerereareerere ere erererer er erereereere er sra ere eereeeereee, 
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3x—1 and 4x—1 and 0.5x—1 to see what pattern contin- 
ues and to get comfortable with making graphs with 


Derive. 


keystrokes: A (for Algebra), 
A (for Author), 3x—1, tap the 
Enter key, P (for Plot), 

P (again for Plot). 


keystrokes: A (for Algebra), 
A (for Author), type 4x—1, 
Enter, P (for Plot), P (for 
Plot). 


keystrokes: A (for Algebra), 
A (for Author), type 0.5x—1, 
Enter, P (for Plot), P (for 
Plot). 


keystroke: A (for Algebra), A (for Author), type x*2—1, 
Enter, P (for Plot), P (for Plot). 


A big strength of Derive is its ability to manipulate 
graphs quickly and easily. Key F9 allows us to zoom in 


closer to our graphs and 


key F10 allows us to zoom 


out. It’s like flying over a 
playing field of graphs in 
an electronic helicopter. 
We can tap the F9 or F10 
keys many times without 
waiting for the new picture 
to emerge. Each time we 
tap F9 3 times we move in 
by a factor of 10. We can 


erererereraletetereteleteteterateteteatetete tetera rer etetaTetatatetetateleteetetetetateletstetatsteteteteetetetetetetetetatetstetatetetetstststatetetatatstetettstetatate etal sates tat setae etc tte ete 8 


SALAD ee een eae eaeeceanatn anata eaeeeeoe aan eneonetaenen seminal neteetetassnatsnstenatenetenetenetetetetetetetetetetetetetetetttetatstetetetetatetatetetetetstetstetentetatenstetetetetstetetststenstscetetetstatenatensetaeererecetereremeneeeteeeneee 


LORTMEA 


5: 








2x-i 
3x-i 
4x- il 


65x-i1 





D: Center Delete Help Move Options Plot Quit Scale Ticks Vindow 
Zoom 


Enter option 
ross x:1 1 


Scale x:1 :1 Derive 2D-plot 





AND: Center Delete Help Move Options Plot Quit Scale Ticks Window 
Zoom 


Enter option 
ross x:@ onl 


Scale x:@.1 ‘6.1 Derive Z2D-plot 


Bocce 
Se 
See 
Raean han nana neta nn ie naen an aad ana tree 
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na atane aera Terre Tsao eTo OTL eee tenet aa tate tatate tata tata tatetate otatetatatatate tstetetetatatatatatatetetetetete 





get the same change in the opposite direction for 3 taps 
on F10. The scale reading under your graph may be at 1 
now and if you tap F9 3 times quickly the reading 
should become 0.1 which indicates a move in by a factor 
of 10. Try it now. 


keystrokes: Tap key F9 (to move closer), tap key F9, now tap 
key F10 (to back away). 


Try tapping the F9 and F10 keys slowly, allowing the 
picture to redraw and then try tapping the keys quickly 
twice or 5 times and see if the result is what you expect. 


Now and then you'll need to clean the playing field of 

graphs. While in the graph window (each section of the 
screen is called a window) you can choose to clear off 

all the graphs, just your first graph, just your last graph, 
or all but your last graph (my favorite). Often, I try 2 or 
3 or more versions of a graph before I have what I want 
and then I remove all but my last graph. 


To work in a window, Derive must be active in that win- 
dow; look at the upper left corner of each window. The 
shaded number indicates the active window. (On most 
machines, the number for the active window appears on 
a black background. On some machines, however, the 
number will appear to be highlighted or brighter and 
will not have a black background.) You can move for- 
ward among windows by tapping key Fl. You can move 
backwards among windows by holding down the Crtl 
key and tapping key F1. Try it now. 


Now you’ll try new graphs; the first directions will 
assure a Clean field. 


Bx 
= sans etnias esas abt agate gaa ase ae sop ce nc ieee aca ae 
cesesaacieeseseteteeses acess esesecenes essences eseseae eee eee ease eee eee eee eee aac 
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Rann ae MSMR aetna eeeeeeesettesemeceneococeesecseeeeeerateseesaeatenateteeseseeenanesaneencamseoeseesemseteoenesseseeseoeet 





nenetere. 
Jetereres 


keystrokes: Use F1 key until you are active in the graph 
window, D (for Delete), A (for All), A (for Algebra), A (for 
Author), type 2x+3, Enter, P (for Plot), P (for 
Plot). 


keystrokes: A (for Algebra), A (for Author), 
type 2x+2, Enter, P (for Plot), P (for Plot). 


If this does not produce graphs that you 
can see, then it may be producing graphs 
outside the present scale of the screen. 
Tap key F10 to back up until the scale 
number on the screen reaches 1. Then the 
graphs should come into view. 

I have to tell you that many times I stared 
at the screen wondering what happened 
to my graphs. A glance at the scale num- 
bers may help. F9 makes the scale num- 
bers smaller and moves us closer and F10 
makes the scale numbers bigger and 
moves us further away. 





Did you notice that the graphs were parallel, that 2x+3 went 
through the point (0, 3), and that 2x+2 went through the 
point (0, 2)? You can locate any point on the graph by mov- 
ing the marker (+) around the screen with the arrow keys 
(when you are in the graph window). 


keystrokes: Look at the upper left of the graph window and see 
if the number 2 is shaded. . . if yes, carry on. . . if not, tap key F1; 
tap the arrow keys up and down and left and right and watch the 
marker (+) move on the graph screen. If you like faster action, 
tap the PgUp and PgDn keys for bigger jumps; hold the Ctrl key 
down and tap the arrow keys left and right for more of the same. 


Neeser eo cacao aeatatatatatateatetete tate tetste te teeeteteeeseeeeeeeee eaten tate tate neeeeee ea eretaateratetatalatatetatatatatatatstes tsetse ttt 8880888 0000000060800 8 oo 46 50800050000 t 0 ces ecescesecccsecececeeceoess 
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After you’ve seen how you can move on the screen, 
look to the lower left part of your screen which has 
symbols: 


Cross x:1 — y:l 


Your numbers will probably be different from mine. 
These numbers are the x and y values (coordinates) of 
the current position of the marker (+) on your screen. 
This gives us a remarkable tool. For any point on any 
graph that you can locate by eye (easy to do... just 
look at the graph and move the marker (+) to that 
point) you can determine easily what the x and y coor- 
dinates are at this point. Wow! There must be hundreds 
of uses for this feature. 


Graph (x—2)(x—1)(x+1) = y and locate where this 
graph crosses the x or horizontal axis. 





keystrokes: Use F1 to make 
the graph window active, D 
(for Delete), A (for All), A 


(for Algebra), A (for Author), = 
type (x—2)(x—1)(x+1), tap = => 
the Enter key, P (for Plot), P 3: 4x-1 
(for Plot). 4: @5x-1 
2 
Once your graph appears, [f/* *« ~1 
tap F9 or F10 until the 2449 


scale numbers are 1. Then fiz: 2x+2 
tap the arrow keys to move |/s:: (aT UETEED 





the marker (+) to the OMMAND : Center Delete Help Move Options Plot Quit Scale Ticks Windou 
places where the graph Sa 
crosses the X axis ross x:1 ii : 71 Derive Z2D-plot 


If all works well above, you might see a connection 
between the x number of the crossing point and the 
numbers in the expression. 
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Opportunities: 


Make an expression whose graph crosses the x or hori- 
zontal axis at 2 and —2. Then check your result by plot- 
ting. 


Graph x*—4x+3. Locate where this graph crosses the x 
axis. 


Graph —x’ +3. Locate the crossing points on the x and 
y axes. 


Do these numbers relate to the equation? Ideas?? Can 
you think of your own experiments? Derive is waiting 
to assist you on your own path to learning. 


Graph x°+5x?—33x+27 and see where the graph 
crosses the x axis. 











keystrokes: A (for Author), 7 
type x*3+5x"2—33x+27, 

Enter, P (for Plot), D (for 

Delete), A (for All), S (for 

Scale), tap Del to clear, type 2, 
Tab, tap Del to clear, type 2, 
Enter, P (for Plot), wait for it 

to graph then, A (for Algebra), 

F (for Factor), Enter, R (for 
Rational). 





This graph is a surprising Py 
. ‘ 1: 9 9 27 
result. A cubic expression ||, jemmomemmemenmn 








might cross the x axis three POW" HNP ties siatths*rntnates Roe AESL pak To TOU Mase OneTons Plot 
times or might cross itonce “ake Free: 75% Derive Algebr 


and be tangent to it once, 

or might cross it once . . . but not cross it twice like this 
graph. Now we'll back away, by changing the scale, to 
try to clear up this mystery. 


enn EE EEE EEEESSESSESS SESE SEE EEE ee eeeMeeauaasuususasaaeaaaassaasseseeessssseessssaasaasseeessseeasesos 
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keystrokes: Tap key F1 (to 
move to next window), S (for a 4 
Scale), tap Del to clear, type 5, 












S: tx? 
Tab, tap Del to clear, type 100, 
CL oe 
Enter. 
Bs fe > 2 ix — 2) tx +9) 
By changing the scale we fj) & - 2) & +2) 
see the real picture of this 2 


function 10: x -4x+t+3 


Try creating an expression 
whose graph crosses the x 


axis a few times close to- OMMAND : Center Delete Help Move Options Plot Quit Scale Ticks Window 
Zoom 

gether and at another ae cane 

point not so close. ross x:8.9722 -1.7857 Scale x:5 : 168 Derive 2D-plot 


Choose a point like (2,3). Move the marker (+) to this 
spot. Make up an expression whose graph will go 
through this designated target point. Try lots of expres- 
sions .. . don’t be discouraged if you miss a lot .. . keep 
trying . . . you will get very good at this with practice. 
Move the target point around. Play this game every day 
for a month. 


Try to get 10 graphs through a single point. 


Try to create a graph which goes through 2 chosen 
points. 


Can you create more than one graph that will go 
through 2 chosen points? 


Remove and Delete commands are important for the 
efficient use of Derive. If you’re active in an Algebra 
window, Remove allows you to remove one or many 
expressions. If you want to remove a single expression: 


keystrokes: Arrow to the expression you want to remove (to 
highlight it), type R (for Remove), Enter. 
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If you want to remove several consecutive expressions: 


keystrokes: Arrow to the expression at the beginning or end of 
the sequence you want to remove (to highlight this expression), 
type R (for Remove), arrow up or down to the end of the 
sequence you want to remove, Enter. 


Be careful with this technique. Go slowly, so that you 
don’t do too much damage. 





I have removed an expression from an Algebra window 
and found its graph later in a graph window. Removing 
an expression from an Algebra window does not re- 
move its graph from the graph window. Graphs are 
removed only when you are active in the graph window, 
and by using the Delete command along with All or 
Butlast or Last or First. 


Derive is prepared to display a great variety of graphs: 


See 
SS 


keystrokes: Tap key F1 (to 
make the graph window 
active), W (for Window), 

C (for Close), Enter, A (for 
Author), type sinx, Enter, P 
(for Plot), S (for Scale), tap Del Ss 
to clear, hold down Alt 

key and type P, type /2, Enter, 
P (for Plot). 


Yes, all kinds of graphs are 
possible . . . sine is typed in 
as Sin, Cosine as cos, tan- 
gent as tan, cotangent as 
cot, secant as sec and 
cosecant as csc. If you 
want sine of 2x you need sin(2x). Try sec (2.4x—/—) or 
2cos(3x—3.14)+1. If you want 2x—1 try it just that way. 


OMMAND : DEBE Center Delete Help Move Options Plot Quit Scale Ticks Window Zoom 
Enter option 
Cross x:1.0@1 





Scale x:1.5707 yil Derive 2D-plot 





EEE EE EEE EEE EEE SES SEES SESE ES EEE SEES EEE EE eee aa enneasapenatenesssisesetneie 


osaiieeecieeiia oo a cleans Ama GR SRN EUNICE NEREER Ona ROU nOENaNE aan 
See 


"eee eee eee atetetatee eee STOTT SSS STS SSS ESOT TCS O CSCS SOOO OTTO OSC T TOOTH STO S COSTS TOSSES OOOO OTS See 


Try sqrt(9—x”) and —sqrt(9—x’) . . . lots and lots of 
possibilities. Try...try... 


Tips: 


e Use F9 or F10 to see if your graph is hidden from 
you by being too close or too far away. 

® Use delete to clear away the debris. 

® In the Algebra window, retrieve expressions writ- 
ten earlier using the arrow keys and/or Pgup or 
Pgdn and/or Home or end. 

@ With Transfer, Save and Load you can return to 
continue earlier work another day. 


The more you do the more you’!l learn. Show your 
results to others and new ideas will emerge. Sometimes, 
if a graph is taking too long, with nothing happening on 
the screen, do a Delete All and start again . .. maybe a 
look at the scale to suggest F9’s or F10’s. 


The following sequences will take you through many 
suggestions in a very controlled way. The purpose is to 
spark your thoughts to action. Each of these sequences 
is a separate adventure. 
Clear away the debris be- 
fore you Start a new se- 
quence... since your 
source for the graph is still 
in the Algebra window, you 
can always arrow up and 
plot an earlier expression 








Graphs, Graphs, Graphs! 


Chapter 3 


We have used a mono- 
chrome graphics monitor 
and the 
HERCULES.COM driver 
provided with Derive to 
generate these pictures. 
Graphs on a CGA moni- 
tor will not appear to be 
the same. 


Use the Scale command to 
adjust the graph or use 
the F9 key to move in or 
the F10 key to backup. 








again. 
keystrokes: A (for Algebra),A [],. 2 
(for Author), type x*2, Enter, ye gh ary 
W (for Window), S (for Split), —j,. eS es 
V (for Vertical), Enter, F1 (to COMMAND: SBETUNE Center Delete Help Move Options Plot Quit Scale Ticks Window Zoom = 
move to the next window), cara y 1.6666 Scale x:1 gil Derive 2D-plot 


= 
ceinietnteig aieieiieteaieieneatieceeieateiecieiectececieiieiei teeters 
eee acess eee eee eo eee conan eee aaa 


37 


Graphs, Graphs, Graphs! 





W (for Window), D (for Designate), 2 (for 2D—plot), y (for yes), 
P (for Plot). 


keystrokes: A, A, type x*2—1, Enter, P, P. 
keystrokes: A, A, type x*2+2, Enter, P, P. 
Are you predicting the next graph? Try it! 


Can you predict the graph of x*—3? x?+5? Tap key F10 
to back away for a better look. 


You might change the y scale to see the same graph 
from a different view. 


keystrokes: S (for Scale), Tab, tap Del to clear, type 10, Enter. 


Now change the x scale and see how the graph looks 
different. Experiment with changes of scale until you 
are comfortable with scale and use it easily. 


keystrokes: A (for Algebra), a 
A (for Author), type sinx, 

Enter, P (for Plot), P (for 

Plot). 


keystrokes: A, A, type 2sinx, 
Enter, P, P. 


keystrokes: A, A, type 3sinx, 
Enter, P, P. 


Get it? What would 4sinx fk. sin x 
look like? What about 2: 2 SIN x 


3: ies 


1.2sinx? —2sinx? Do you — owann: armas Genter Delete Welp ove Options Flot Galt Seale Tielke Window Doe 


Enter option 
Cross x:1 


see what's happening? 


y:1.6666 Scale x:l yil Derive 2D-plot 
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keystrokes: D (for Delete ee eae eee 
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A (for All), A (for Algebra), 
A (for Author), type x, Enter, 
P(for Plot), P (for Plot). 


keystrokes: A, A, type x2, 
Enter, P, P. 


keystrokes: A, A, type x43, 





Enter, P, P. 
a3 x 
So... what would x*look ||, 2 


like? ...orx’?...orx®? f,. gy Casepes 5 EIS 
COMMAND: TIEGME Center Delete Help Move Options Flot Quit Scale Ticks Window Zoon 


mnt tion 
Beess kei yil. 6666 Scale xi1 yil Derive 2D-plot 


Our procedure in this 
chapter has been to pick a 
function and then make it's 
graph. Derive has a com- 
mand called Fit, which 
allows us to pick points 
and then find a function 
which fits these points. 


keystrokes: A (for Algebra), 
A (for Author), type [2,3], 
Enter, P (for Plot), P (for 
Plot), A (for Algebra), A (for 
Author), type 


[—1,1], Enter, P (for Plot), P 2 [2, 31 
(for Plot). COMMAND: “AIG Build Calculus, Decl 


emove Simplify Trans 





are Expand Factor Help Jump solve Manage Options Plot 
fer ae Window approx - 
Free: 82% Derive Algebr. 








ui 
Enter option 
liser 


We'll now find a straight 
line function which goes through those two points. 


keystrokes: A (for Algebra), A (for Author), type 
Fit [[x, ax+b], [2,3],[—1,1]], Enter, S (for Simplify), Enter. 


This gives us the straight line function which should go 
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throught the two plotted points. Plot it and see. 


What happens if we plot sin(x) and 1/sin(x)? 





keystrokes: S (for Scale), type (———= 
1, Tab, type 1, Enter, A (for 

Algebra), A (for Author), type 

sinx, Enter, P (for Plot), P (for 

Plot). 


keystrokes: A (for Algebra), 
A (for Author), type 1/sinx, 





Enter, P, P. 
Notice that Derive, quite 1: SIN Go 
correctly, has managed to _j.. 
not have asymptotic lines. J.B a 
Some expensive software [ Center Delete Help Move Options Plot Quit Scale Ticks Window 
. P ‘ : Enter option 
(unnamed) includes (in- pone. x:1 yil yt Derive ZD-plo 


correctly) the asymptotes. 


Try the same idea for cos(x) and tan(x) and cot(x) and 
sec(x) and csc(x). Other possibilities are: 1/(x—1), 
1/(x—-1)’, 1/((x—1)(x+1)), 1/(x—1)3, 1/((x—1)3(+1)). 


Derive will allow us to plot points and give us a choice 
of having these points connected or not. We could then 
try to do the famous Snowflake Curve or polygons 
with or without diagonals or randomly generated poly- 
gons. Random walk problems may also be possible. 
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keystrokes: A (for Algebra), ff" 
A (for Author), type x2, 

Enter, P (for Plot), P (for 

Plot). 


keystrokes: A, A, type 
(x—1)‘2, Enter, P, P. 


keystrokes: A, A, type 
(x—2)42, Enter, P, P. 


1: x 






And, if you have the incli- 


r4 
2: x= 5) 





nation, try (x—3)*... or ;. wa eS Se 
(x+3) or (x-1 : ay, COMMAND: 2DETONG Center Delete Help Move Options Plot Quit Scale Ticks Window Zoom 
Enter option 
Cross x:1 


yil Scale x:1 yil Derive 2D-plot 


To clear the screen of 
previous graphs, tap D (for Delete), A (for All). 


keystrokes: A (for Algebra), 4 
A (for Author), type sinx, 
Enter, P (for Plot), P (for Plot). 


keystrokes: A, A, type 
sinx—sin(3x)/3, Enter, P, P. 


keystrokes: A, A, type 1: 








sinx—sin(3x)/3+sin(5x)/5, a SIN (3 x) 
Enter, P, P. 
SIN (3 x) SIN (5 x) 
After looking at these 3: SIN Go) - — ‘ —— . 
graphs, you might like to 


COMMAND : Center Delete Help Move Options Plot Quit Scale Ticks Window 
see only the last graph. ae. 
Enter option 


ross_x:6.981? sf a Derive 2D-plot 
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Graphs, Graphs, Graphs! 
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keystrokes: D (for Delete), B f 
(for Butlast). 


After seeing this graph, tap 





key F10 to get a better 
view. 
1: SIN (sx) 
SIN (3 x) 
2: ee 
3: 
OMMAND : Center Delete Help Move Options Plot Quit Scale Ticks Vindow 
Zoon 
Enter option 
ross x:4.9817 :6.9821 Scale x:1.5787 :41 Derive 2D-plot 
keystrokes: F10 (to back ———————_—S 
away). 


If you extend the pattern 
begun with these expres- 
sions imagine what the 
subsequent graphs will 






look like. 

Note: On page 39, we 1: SIN x 

found a function whose 2: sINx- 

graph intersected the two en on, 

points that we chose. Try  [iwan: Seated hove Seite Tint Gale Saale Tides eae ee 

the same problem but add Rssi sri y 1.6666 Scale x:2 yi2 Derive 2D-plot 


a third point (—2,2) and 

see what function Derive come up with and then plot it 
and see how it's graph relates to the points. Try Fit 
again but use ax*+bx-+c as the model function and plot 
the resulting function. 





reece esa ce ace cacecetecececesesecocereretecetererecesecesecereneretecerorerenenscerersrererererstetetetetatatatststetetatetatatstatetstetetatetatatatstest PP,9,8 9988228888888 88888888888 to 8 Oe 6060080010060 6 oboe eset see etecesceecsceecessecccecos 
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Graphs, Graphs, Graphs! 
Chapter 3 
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The equation (x—2)(x—3) = 0 has two roots. 


keystrokes: A (for Algebra), 
A (for Author), type 
(x—2)(x—3)=0, Enter, L (for 
soLve), Enter. 


The results of soLve shows 
the connection between the 
equation and the roots. The 
graph of y=(x—2)(x—3) 
shows an important con- 
nection between the equa- 
tion and its roots. 





OMMAND : Center Delete Help Move Options Plot Quit Scale Ticks Window 


zoom 
; Ent ti 
keystrokes: Ar ee mat Smt 8 Scale x:1 4 Derive 2D-plo 
(to highlight the equation), 2 


etetete] 
sretetete) 


arrowleft (to highlight just the expression (x—2)(x—3)), P (for 
Plot), D (for Delete), A (for All), P (for Plot), hold Crtl key down, 
arrowright three times, C (for Center). 






Now we can see where this graph crosses the x (or hori- 
zontal) axis. The x values at these two points are the 
roots of the equation. 


Try the same thing for the equation (x—1)(x+1) = O and 
the graph of y = (x—1)(x+1). How is this graph differ- 
ent from the graph of the earlier expression? 

Try (x=3)(x+3) = O-and (x—1)(x—2)(x—3)=0. 


Etc., etc.,... Try the same for cosx .. . predict . . . predict 
.. do not worry about being wrong. Worry about not 
trying enough wrong ideas of your own. Don’t forget 
that Kepler was often wrong . . . same with Euler and all : 
the other big shots in the history of math. If it was OK 
for them to experiment and make mistakes and learn 
from their mistakes, it’s OK for us, too. 


sseseieaeedeteceecetcecetecetece sete ecetcete eae sete eaetcecetcetc eae ceteecetceceeceecetececeesetecetcetcecetceteeaeceteecetceteece eae ceteeaeteeteeceteceteeaetceceeceteeceeaetceceeaeteece esate eae ceteecetaeteeceeaeteeceececeseeseleteieaeteeseeceieaeteecedeatetreteatescerereanetenee 
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Graphs, Graphs, Graphs! 


SEES SSS eseseece eases asec eeeaeceseaei each eceseaeieteteceeseeteteieteseeeetiereteae 
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Parametric equations are absolutely my favorite feature 
on Derive. The possibilities are mind—boggling to me. 
I’m sure that what you’ll see here is only scratching the 
surface of possibilities. So you must prepare for much 
experimentng and then communicating what you’ve 
found. First we’ll set up the screen: 





keystrokes: Tap key F1 (to i 
move to the graph window), 

D (for Delete), A (for All), 

Enter, T (for Ticks), type 4, 

Tab, type 9, Enter, A (for 
Algebra), R (for Remove), tap 
Home key, Enter, A (for 

Author), type [cosx, sinx], 

Enter, P (for Plot), P (for Plot), 
Enter. 


I see such a tiny picture 
with my scale at one that it 
wasn’t worth all the 
trouble. A couple of F9’s 1 See — ‘1 : of Derive 2D-plot 
will fix that. . .try it. S 

Wow! A terrific circle (if it 





PCOS Oc); SIN bcd) 








OMMAND : Center Delete Help Move Options Plot Quit Scale Ticks Vindow 
Zoon 





setatere, 
Sletetete! 
netetete. 
aeletezes 


does not look like a circle ee 


on your screen, experiment 
with Ticks until it does). 
Now for a variation. 


keystrokes: A (for Algebra), 
A (for Author), type 
[cos(3x),sinx], Enter, P (for 
Plot), P (for Plot), Enter. 


Now you are on your way! 





A great adventure awaits 1; [COS x, SIN x] 

: 2: (Cae CE | ee ee ee ee 
you. Try [cos(3x), Sin(SX)], —_ [ESimanns mama Contes Delete Wels Nove -Ontioee Fiev Gale Sosle FICHE Winder Doom 
or [cos(x), sin(3x)], or Rater opfion ses 


Scale x:@.2 y:8.2 Derive 2D-plot 


Ss 
weserere! 
See 
Senmmece rae aeena seme Seerenaaseecneoeeeeenncnte ens ae acnmaniasses sameness ee bam ee 


Graphs, Graphs, Graphs! 
Chapter 3 
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[cos(2x), sin(3x)], or. . . g0, go, go. . another direction 
follows: 





keystrokes: D (for Delete), 

A (for All), A (for Algebra), 

A (for Author), type [x,x‘2], 
Enter, P (for Plot), P (for Plot), 
Enter. 


keystrokes: A (for Algebra), 

A (for Author), type 
[x,(x—1)42], Enter, P (for Plot), 
F10 (to back away), P (for 
Plot), Enter. 









CCOS x, SIN x] 
CCOs (3 x>, SIN x] 





So all the usual graphs you 
do are possible with par- 
ametrics along with new 
ones. 





Center Delete Help Move Optio 





ns Plot Quit Scale Ticks Window Zoon 





Scale x:@.5 Derive 2D-plot 





yil y:8.5 









keystrokes: D (for Delete), 
A (for All), A (for Algebra), A 
(for Author), type [cosx, 

2sinx], Enter, P (for Plot), P 1: [COS (x), SIN (x)] 
(for Plot), Enter. 2: (COS (3 x), SIN &)] 
keystrokes: A (for Algebra), A [l3: |, = 

(for Author), type [2cosx, : 
sinx], Enter, P, P, Enter. es oe 
keystrokes: A, A, type 
[1.3cos(x—0.4),sin(x+0.1)], 
Enter, P, P, Enter. 


4 

S: {COS (x), 2 SIN (x)] 
6 [2 COS (x), SIN (x)] 
a 





Gee ee ee oe eS | ee Si eae 
COMMAND Center Delete Nove :Abt nen Plot Quit Scale Ticks Vindow 
A cycloid will appear with  fnter oka 
the next directions. Think << = Sit een 
of driving along at night and seeing a bicycle in the dis- 
tance with a reflector in the wheel; the path the reflec— 
tor takes is often a cycloid. Lots of chances to experi- 
ment here. 





sererere‘eeieieleieteie’ele's'ele'e'e'e"eleleleies'els"sis"e"elereceveleleleleieieslelelelelelelererereleieieeisieieseses 
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Graphs, Graphs, Graphs! 
Chapter 3 


keystrokes: D (for Delete), 

A (for All), A (for Algebra), 

A (for Author), type 1: [COS (x), SIN (x)] 
[x+cosx,—sinx], Enter, P (for 2: [COS (3 x), SIN (x)] 
Plot), S (for Scale), tap Del to 1 4 

clear, type 5, Tab, tap Del to 3: le x 

clear, type 1, Enter, P (for a 2) 
Plot), hold Del key untilclear, [[* ~*~? 

type —9, Tab, tap Del key to 5: [COS (x), 2 SIN (x)] 
clear, type 9, Enter. 6: [2 COS (x), SIN (x)] 


7: [1.3 COS (x - 8.4), SIN (x + 6.19] 
The scales you set to 1 


above can be changed any 
time you are in a graph | : 

window. x and y scales can | oss, ¥18.9722 :8.9621 Scale x:5 :4 Derive 2D-plot 
be different for a new look. . 
Just Tab between the two choices as often as you want 
with Enter to signal that you’re done. 


8: Pe CUS ix 





COMMAND : Center Delete Help Move Options Plot Quit Scale Ticks Window 
Zoom 


This next graph shows the tremendous control you have 
with Derive and parametrics. We should get two graphs 
... One quarter of a circle on the left (O to 7t/2) and the 
corresponding part of a sine curve on the right. 





keystrokes: D (for Delete), eae ees s eEe w 
A (for All), A (for Algebra), = : 
A (for Author), type [cosx—1, 
sinx], Enter, P (for Plot), P (for 

Plot), hold Del key to clear, 





type 0, Tab, hold Del key to 
1: [COS x, SIN x] 
clear, type 1.57, Enter. 2: [COS (3 x), SIN x] 
3: x, os 
keystrokes: A (for Algebra), seth iteas a 
A (for Author), type [x,sinx], — x, 2 SIN x] 
Enter, P (for Plot), S (for oe 
7: [1.3 COS (x - @.4), SIN (x # 0.19] 
Scale), type 0.2, Tab, type 0.2, 8: [x + COS x, SIN x] 
Enter, P (for Plot), Enter. am a 
COMMAND: WISE Center Delete Help Move Options Plot Quit Scale Ticks Window Zoom 


mnt ti 
Press xeL gil Scale x:@.2 y:@.2 Derive 2D-plot 


oe 
ee 
ee 
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See 
Sees 
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Graphs, Graphs, Graphs! 
Chapter 3 
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Derive's Plot command will “distribute” across a list. 
os 


keystrokes: A (for Author), type [x, x*2, x*3], Enter, 
P (for Plot), D (for Delete), A (for All), P (for Plot). 


Wonderful effects are possible. Families of curves can 
easily be generated using the idea above or generating a 
list of expressions using the Vector command. 


keystrokes: A (for Algebra), | ae ee ia aie erences: a 
A (for Author), type vector 
(x42—bx+1, b, —3, 3, .5), 
Enter, X (for approXimate), 
Enter, P (for Plot), D (for 
Delete), A (for All), P (for 
Plot). 


Try k*sin(x) or sin(k*x) or 
sqrt(k—x?) or x?-5x+k with 





the vector command and a ef 

let the variable k range 2: VECTOR (x +b x + 1, b, -3, 3, 8.5) 

across values that you 3: [i 

choose COMMAND: ‘(ETE Center Delete Help Move Options Plot Quit Scale Ticks Window Zoom 


Ent ti 
asst uil Scale x:1 uid Derive 2D-plot 


Another wonderful com- 

mand for graphing is chi. If I plot chi(1, x, 3) I geta 
graph which is always O except between 1 and 3, when 
it is 1. I blanked out the axes so you can see the graph. 





keystrokes: A (for Algebra), A (for Author),type chi(1, x, 3), 
Enter, P (for Plot), D (for Delete), A (for All), O (for Options), 
C (for Color), Enter, Tab, type 0, Enter, P (for Plot). 


I thought this was a harmless looking result when I first 
saw it. Why would anyone want it? 


Well, try x**chi(1, x, 3) and plot it and you’ll see a curve 
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Graphs, Graphs, Graphs! 
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which is 0 everywhere except between 1 and 3, at which 
points you see a piece of a parabola. With this harmless 
looking device you can pick out pieces of any curve and 
put it where you want it. 


Try chi(1, x, 3)*x?+chi(3, x, 5)*sin(x). String out the 
expressions as long as you like. 


Max and Min are 2 more commands with which you 
must experiment. Max(x, x’, 3*sin(x)) plotted will start 
you on your way. 


Another excellent graphing experience comes from my 
friend Larry Gilligan of U. of Cincinnati. If we look at 
the expression (x—1)/(x*—1) we see that the denomina— 
tor can be factored and the expression becomes 
1/(x+1). We might expect that the plot of the original 
expression and this simplified version would be the 
same. Let’s try it: 


keystrokes: A (for Algebra), A (for Author), type (x—1)/(x*2 
—1), Enter, P (for Plot), D (for Delete), A (for All), P (for Plot). 


The interesting points on this curve are x=1 and x=—1. 
We'll zoom in at the graph when x=1. 


keystrokes: Tap the arrowdown key until you reach a point just 
above the graph, check the x and y value next to Cross at the 
lower left of your screen ... x should be 1 and y should be just 
above .5, tap C (for Center), tap key F9 three times to zoom in, 
C (for Center), repeat, arrowdown until the Cross is just above 
the graph, repeat, at some point a gap will appear. If you get lost 
zooming in tap key F10 a few times to back out and find out 
where you are. 


When you finish this job think about the same expres- 
sion when x=—1. Then try graphing y=1/(x+1) and 
look for the hole. Good luck! 
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Quite often math operations go in at least two direc- 
tions; up and down or forward and back. Factoring and 
expanding are back and forward kinds of operations. 


Here is an example of expanding. 


2(x+3) = 2x+6 


keystrokes: A (for Author), type 2(x+3), Enter, E (for 


Expand), Enter. 


Here is the corresponding factoring. 


x+6 = 2(x+3) 


keystrokes: 


(for Factor), Enter, R (for Rational). 


Here is expanding. 


7(3x4+2) = 21x+14 


keystrokes: A (for Author), type 7(3x+2), Enter, E (for 


Expand), Enter. 


And here is the corresponding factoring: 


keystrokes: F (for Factor), Enter, R (for Rational). 


Here are some factoring opportunities for you to try. 
See if you can guess the results before Derive does it. 


Opportunities: 

25x+50 36+9x Zix=35 

2x*+12x+14 100z7+75z+25 121x°+11 
-+y4+y x?y’Z—xy7Z Xx°-Xx 

























: 2 tx + 3) 


743 x + 2) 
21 x + 14 


Factoring 
Chapter 4 
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One way to gain skill in factoring is to guess, record the 
result, and then ask Derive to perform the same opera- 
tion so that you can check your work. Derive lets you 
record a guess; it doesn’t “comment” on your guess. 


keystrokes: A (for Author), 7: ?x+ 212-35 9=7(x+32-5y) 
type 7x+21z—35y=7(x+3z—5Sy), Enter. = 


We want Derive to factor the left side of the equation, 
which in effect is the problem, and we want Derive to 
leave the right side of the equation (our guess) alone. It 
can be done. 


Faclis-aie),¥ tir Feta tae, 
$: 7 & =4 + 3 2s) = 7 te 4.2 - 3 yd) 
7x+21z—35y), F (for Factor), Enter, Enter, E “ or : : e : 


T (for Trivial). 





The word Trivial here means factor out a letter or num- 
ber which is common to each term. 


Use this approach when you want to record a guess for 
factoring. Derive does not judge your guess, but gives 
you what you need to judge for yourself. 


Some expressions contain more than one instance of a 
variable. These, too, can be factored: 





keystrokes: A (for Author), type 7x*4+5x"3~—3x‘2, Enter, f 4 3 2 
F (for Factor), Enter, T (for Trivial). : 9: os 8 S72 5G 


. : 416: x“ (CF? x +5 x - 3) 
Sometimes numbers and variables can both be factored =| 


out. 





keystrokes: A (for Author), type 11x*7+33x*3—22x2, Enter, 7 3 > 
F (for Factor), Enter, R (for Rational). 4i:-ii x 6+ 33 x S22 x 


2 3 
12: iix (x +3 x - 2) 
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Sometimes the world can become complicated: 
28x+y*—Txy+21x°y’ 
Try these: 


45x3z’-18x’yz | Guess when you're ready! 
12a°b°c?+24abc Make up your own!! 


In algebra classes in school a restricted kind of factoring 


is developed. With Derive we can do all of this factor- 


ing plus quite a bit beyond. We also can approach the 
topic by looking for patterns and not just following rules 
that are learned from books or teachers. The results 
are similar. 


x2—9 = (x—3)(x+4+3) 


keystrokes: A (for Author), type x*2—9, Enter, F (for Factor), 
Enter, R (for Rational). 


x2—9 is called a binomial because it has two terms. 
Both x? and 9 are perfect squares since x*x = x” and 
3*3 =9. So... x?-9 is called the difference of 2 
squares. Below are some more differences of 2 squares. 
Guess what they factor to... try it: 


Opportunities: 
x*—25 x*—64 y’—16 z’—49 a*—225 
x*-144 z’—400 y’-81 a'—625 


Make your own like these! 


It is possible to complicate the issue with some new 
examples. 
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42 2:2 
28x yu - 7xyut 21x yy 


3 z 
7xy (4x y+ 3x y - 1} 





























2 
_ x - 9 


(x - 3) (x + 3) 


51 


Factoring 


eeaeasaceeaeataraesesedecesebetececeseseetsesesececesesesececaneteseseseseiebeeteseseceleseseseseseuetebeceseseceseiepcesececeseseeteceseseseseseeteleseleseceseseseseeseselesesebeceteteleseceseieeteleleleseieetelesetpereseieteeteieteseretelerersiotelaleretetetetetteteietete‘efetetsfeleteterer 
SSS as erases esac eee oes eaeseaeaeagasucagenetanatacecetetebeselateheseecetececesesesececeresenene eietecetecececeseiececaseieieleececeseieses 
"SPIRAEA nnn een ete eee nals 


4x*-y* 2Sy7-16x?_--: 100z?-9x?_-_- 4414-225 x? 






Another kind of factoring involves trinomials; that is 
expressions with 3 terms. In these examples we are also 
working with quadratic expressions . . . meaning that 
the highest power is 2. 


keystrokes: A (for Author), type x*2+5x+6, Enter, F (for 


Factor), Enter, R (for Rational). : +35 x + 6 
: #2) (x + 3) 
x*+12x+35 = (x+5)(x+7) 
Do you see a pattern? Look at the 12 and 35 and then : +12 x + 35 
the 5 and 7. 120: +5) (x + 7) 





x*+10x+21 =? 






1@ x + 21 
3) (x + 7) 






If you see patterns, you can make up a trinomial that 
will factor nicely like these. Random trinomials we 
make up will probably not factor, especially if we stay 
with Factor—Rational. You have to see patterns in the 
above examples to be able to make new ones. 


x* — 7x + 5 is a trinomial that does not have whole 
number factors: 


keystrokes: A (for Author), type x*2—7x+5, Enter, F (for 
Factor), Enter, R (for Rational). 


AS you can see, when Derive cannot factor an expres- 
sion at the level asked for, it returns the same expres- 
sion. This last expression was the first in 
this chapter that did not respond to the 
Factor—Rational treatment, so now we’ll go 
to stronger medicine. 


keystrokes: F (for Factor), Enter, D (for raDicals). 
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This result raises an interesting question: What relation- 
ship exists between the —7 and 5 in x*-7x+5 and 

the numbers in the factored form? There are a number 
of experiments to try, if you are interested. You might 
like to see the factored expression in a different form. 
Here again, Derive can help. 





soterore, 
etetete) 


keystrokes: Arrowup (to highlight x’—7x+5), O (for 
Options), P (for Precision), A (for Approximate), 
Enter, F (for Factor), Enter, D (for raDical). 


Do O (for Options), P (for Precision), E 
(for Exact), Enter, since Exact mode is 
where you usually want to be. 





Here are some examples of “nice” trinomials that will 
factor and might help your thinking. 


y*—Ty+12 Z*—12z4+35 x7+18x+77 
x?+14x+45 16x?+40x+25 477+20z+25 
9x?+10x+1 5x?+11x+2 x?4+21x+20 
7x?4+22x+3 7x?+10x+3 3x?+16x+5 


Make up your own examples of binomials and trinomi- 
als that you think will factor. If Derive’s results are 
different from yours, you may both be right. Check by 
expanding your results and Derive’s results. 


Look in math textbooks for more problems to do. 


A student of mine, Usama, when he was in the second 
grade, became interested in factoring. This unusual 
interest was aroused by watching older students work- 
ing on the topic using Derive and another symbolic 
algebra program called Mathematica. Try Usama’s 
investigation yourself and see what results you can 
predict. 
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Usama's expressions: x*-1  x?—-1 x*-1 andsoon. 


keystroke: A (for Author), type x‘2—1, Enter, F (for Factor), : 
Enter, R (for Rational). e - 1 


- 1) (x + 1) 
keystroke: A, type x*3—1, Enter, F, Enter, R. 
i 


Within Usama’s collection of problems there are pat- 
terns, for example: x7—1, x*—1, x*-1, x1. Also look 
at x°-1, x°-1, x°-1, x”-1, x""—1, x 3-1. What’s next in 
this sequence? Usama was not thinking of x—1. 

Also consider x°—1, x>—1, x!™—1,.. . There are many 
Streets to explore. This is where the real strength of 
Derive can show. 


2 
1} (x +x + 1) 


Guess, guess, guess! Don’t worry about being wrong. 
The only result better than one wrong guess is two 
wrong guesses. The better the math student, the higher 
the error rate. Only the poor math student is afraid to 
guess. 


Perfect Square Trinomials 
Some trinomials factor into two identical factors, so 
these trinomials are called perfect squares. Try these 


and make up your own: 


x*+10x+25 y’—14y+49 4x*+36x+81 
121x*-22x74+1 = z?-- 4274-441 9x?—60+100 


Completing the Square 


If we start with x?-6x+9 and factor . . . we get the per- 
fect square (x—3)?. 
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If we start with x?—-6x+7 and factor, Derive gives us 
back the same thing. This means it can’t be factored : 
with whole numbers. Sometimes, out of necessity, math | 
people decide to change an expression like x?—6x+7 : 
into something like a perfect square. How do we make 
x2-6x+7 into a perfect square? What number do we 
need instead of 7 to make this a perfect square? Since 
(x—2)? = x?-4x+4 and (x—3)? = x*-6x+9, we have, as 
usual, some choices to make. The 6x matching makes 
(x—3)? attractive. 








X2—6x+7 = x2-6x+9—2 = (x—3)*-2. 


To check, we expand. Try to “complete the 
square” for each of the following: 


X2-8x+10 x24+20x+7 x?-14x+46 y’—10x+24 





Opportunities: 


Factor: x?-12x+36 x?-12x+35 x?—12x+32 
x2-12x4+27 3 x*-12x+20 x?-12x+11 


See the patterns?? Graph each of these!! See??? Make up 
more like this and predict the relationship to the graphs. 


To set up a 2D graphing window: 


keystrokes: W (for Window), S (for Split), V (for Vertical), 
Enter, F1 (to move to the next window), W (for Window), D 
(for Designate), 2 (for 2—D Plot), y (for yes), O (for Options), D 
(for Display), G (for Graphics), Enter. 


This will create a graphing window. 
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keystrokes: A (for Algebra), A (for Author), type 
x42—12x+36, Enter, P (for Plot), S (for Scale), tap Del to clear, 
type 2, Tab, tap Del to clear, type 2, Enter, hold Crtl key and tap 
arrowright 4 times, C (for Center), P (for Plot). 


keystrokes: A, A, tap key F3 (to copy the highlighted 
expression), tap backspace key once, type 5, Enter, P, P. 


Look where these graphs cross the x or horizontal axis 
and locate the expression they come from. Your graphs 
may be seen more easily with the following keystrokes: 


keystrokes: Use arrow keys to f ee ee 
move the marker (+) on the ey 40 xe 

graph window to the bottomof ff]... 2... 

the first graph, tap C (for ——— oe 


Center), tap F9 to move closer |f., 
to the graphs, use the arrow 
keys to move the marker (+) 

to crossing points and read the 
x and y coordinates from the 
lower left of your screen. 


2 

> x ~6x47 

2 
36: x -6x +7 

2 
3i: x -6x+#+9-2 

2 
32; x ~6x+9 

2 

33: (x - 3) 

2 2 
34: x -6x+7= (x - 3) -2 


2 2 
33: x -6x+7=x -6x4+7 


If you see nothing in the a 
graphing window, press the |I,,. & 





Bie) 


F10 key once or twice to _—foman: aman center Delete tele Nous Ontions Flot Gelt Seale Tieks Window loos 


Plottin ssion 37 in color 14... 
Cross “5.98 yi2 . 


back away from the graph- 
ing field (I think of it as a 
field I’m flying over in a helicopter); and F9 moves me 
lower toward the field and F10 moves me away from 
the field of graphs. 


Scale x:2 y:2 Derive 2D-plot 


The expression x*—5x+7 gives us a chance to look at 
some interesting possibilities with factoring. Before 
factoring I’1l give some keystrokes to set the form of the 
answer. 





Ba SSSSSESSSSESS SEES SEES SEES ESSER ta adadaedaasesieasssassessasssssnnaseenanteeeseeos 
iearenannnnmamammmimnmimmmneanamenensenccccecoccccce EEE EES ESSSSSSSSESSSSSSSSSESSSSSSSSS SEEDS SESE EEE taaaaasssee sats 
en cee SS SESS SEES ESE EE SEE SESE 


Factoring 
Chapter 4 


woo a n.o8 60.0 0.8.0. pe.em tose ten ni.e.a.0.0.0. mete pte eee OO OO Oe Oe OOS OOO OOO OE IO OT CaO Le OS ane eA ede espa N eee nett eee 
LLL eee oe ee eee eee eee eee dea eee eae eee eet eee eee eet eeeeeeaeeeeeetacececeeeeceeeeseteeeeeteceeeeeseeaeeeeeeceeeeceeetomeemmteeee 
Sea eee aeons 
Seeectastateteeeeeecerrceceseecetecetetesetenecescrsae eee eta tata atetats es aeeas aceasta eee eee eee eee TTT Tee eee See eee ee eee eee eee eee ETE e Eee eT ee: 


keystrokes: O (for Options), P (for 
Precision), E (for Exact), Enter, A (for 
Algebra), A (for Author), type x*2—5x+7, 
Enter, F (for Factor), Enter, R (for 
Rational), F (for Factor), Enter, D (for 
raDicals), F (for Factor), Enter, C (for 
Complex). 





As you see, Factor—Rational had no 

effect, Factor—raDicals had no effect, but Factor— 
Complex did it. We have just met the symbol 1, one of 
the units in complex numbers (i is for “imaginary’’) 
which will open up a vast area to explore. With the fol- 
lowing keystrokes we can reach another useful form. 





keystrokes: Arrowleft (to Se aeG Bi 

highlight x—(5+sqrt3i)/2)), enim ee seer 

X (for approXimate), Enter, 

arrowright twice (to highlight wea gag egg Ae atid 
x+(—5+sqrt3i)/2), X (for 2 
approXimate), Enter. : (x - 2.5 - 6.866625 T) (x - 2.5 + 6.866625 T) 





Almost exactly the same 
result can be reached by highlighting x*—5x+7, doing 
Options—Precision, Mixed and then Factoring. 


Develop the habit of trying to get the form you want 
from Derive. I can’t guarantee you’ll always get just 
what you want (I don’t); but, I am sure that with experi- 
ence, your results will be amazingly good. 


At arecent meeting at Joliet Community College, a 
teacher and I were both surprised when Derive fac— 
tored x*+64 with Rationals. We intuitively expected an 
echo, meaning no action, and thought we'd go on to 
factor across the raDicals or Complex. This opening led 
us to investigate similar forms. 
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keystrokes: A (for Author), type vector([x*4+2n], n, 1, 10), 
Enter, F (for Factor), Enter, Enter, R (for Rational), Enter. 


tl] 
uecron (lx 4 31 i i 


4 
+2 


2 2 
= (x -2x +2) & 2x + 2) 
This gave us some clues and we then tried a table of = coe 


4 
x*+2"%) See what you can find and extend this open- a. 
: x + 16 
ing as far as you can go. a2 
Another factoring problem I learned first from Wally we -4x+ . (44x +8) 
Dodge (who I later heard got it from Charlie Schultz - x + 128 
two excellent math teachers at New Trier High School, x’ + 256 


near Chicago). If we factor x?—1 or x!2—1 and look for x + 512 
patterns, we hardly notice that all the coefficients of the (= 8 x +32) x + Bx +92) 
factors are O or 1 or —1. We don’t notice because they & 
all come out that way. Try a few and see. Then try fac- 
toring x'°—1 with the Rationals and look closely at the 
factors. Tap arrowright to isolate the first factor 

and tap arrowright to highlight the second factor; keep 
going. If the new factor is longer than one line then 
hold down the Ctrl key and tap the arrowright to bring 
on the rest of the long factor. When you’ve seen all of 
the long factor, release the Ctrl key and tap arrowright 
for the next factor. You should find that the last 2 fac- 
tors have 1 term each with a non 0 or 1 or —1 coeffi- 
cient. 105 is the lowest n of x"-1 to do this. These ex- 
pressions are called Cyclotomic Polynomials and now 
you are on your way. 
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1+2+3+4 = x is a simple statement. What number for 
x will make it true? 


14+24+3+ ...+98+99+100 = x is also a simple state— 
ment but it involves many more numbers than our first 
Statement above. What number for x makes it true? (By 


the way, this statement means “add up the numbers 
from 1 to 100”’). 


We need a strategy. Try taking the harder problem and 
skipping it; just don’t do it. It’s often the best thing to 
do with hard problems. Instead, we’1l look at the easier 
problem, but not in the usual way, in a rather clever 
way. 


1+2+3+4 
a. 


So, 14+2+3+4 = 5+5 = 2*5 = 10. (Do you see what 


we're doing?) Let’s try a slightly harder problem of the 
Same type: 


1+2+3+4+5+6 


= 
14+-24+34+44+5+4+6 = 7+74+7 = 3*7 = 21 


ere is the 3 from? Where is the 7 from? 


Try more problems like these. Use Derive to check your 
answers. 
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One way to do 1+2+3+44 on Derive: 


keystrokes: A (for Author), type n, Enter. 


keystrokes: C (for Calculus), S (for Sum), Enter, Enter, Tab, 
tap Del to clear, type 4, Enter. 


keystrokes: S (for Simplify), Enter. 





You should get 10 as a result. 


4 
The symbol ,2, " is read “the sum of some number n 
from n=1 to n=4 ”and means 1+2+3+4. 


To do 14+2434+4+4+5+6: 


keystrokes: A (for Author), type n, Enter. 


keystrokes: C (for Calculus), S (for Sum), Enter, Enter, Tab, 
tap Del to clear, type 6, Enter. 


keystrokes: S (for Simplify), Enter. 


You should get 21 as a result. 


Now we can return to the harder of our original prob- 
lems. 


14+2+3+...+98+99+100 = x. 


We can use Derive to answer the question, what num— 
ber for x will make this statement true? 





keystrokes: A (for Author), type n, Enter. 


keystrokes: C (for Calculus), S (for Sum), Enter, Enter, Tab, 
tap Del to clear, type 100, Enter. 


keystrokes: S (for Simplify), Enter. 
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Isn’t this the power of the computer? By typing about 
the same number of keys you get the answer for 
1+2+3-+4, an easy problem, or for 1+2+3+... 
+98+99+100, a harder problem. It makes you change 
your mind about what is a hard problem and what is an 
easy problem. Computers do have that effect on people. 


Now that we see the strength of the computer, how 
about seeing the strength of our minds? Go back to 

our problems and let’s analyze further (this is where the 
computer is presently weaker). 


14+2+3+4 = 54+5 = 2*5. 


We see two numbers in 2*5; the 5 is from the 1+4 or 

the 2+3, but where is the 2 from? How many pairs of 
5’s can you make from 1+2+3+4? Yes, 2 pairs from 4 
numbers. 


14+24+34+445+6 = 74747 = 3*7. 


So the 7 is from 6+1 and the 3 might be the number of 
pairs you can make from 6 numbers. 


1424+3+ ...+98+99+100 = 5050 answer from De— 
rive. 


Could we get the answer to this “difficult problem” 
without consulting the computer? 


Well... certainly 101 is 1+100 and 2+99 and so on. So 
101 must play a big part in our answer. How many 
101’s do we have? From 1 to 100 is 100 numbers so 
there must be 50 pairs of numbers. So... 


14+24+3+...+98+99+100 = 50*101. 


How does that answer compare with Derive’s answer? 
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Opportunities: 





Get the sum from 1 to 10, 1 to 20, 1 to 30, 1 to 40 and so 
on. Look at the answers and search for patterns. Predict 
future answers and check your results. This is a good 
place to use again some of Derive’s features to make 
our lives easier. 


In this last sequence of sums from 1 to 10 and so on you 
could type in each problem separately but there is a 
better way. Try this sequence to get the first three in this 
collection: 


keystrokes: A (for Author), type n, Enter. 


keystrokes: C (for Calculus), S (for Sum), Enter, Enter, Tab, 
tap Del to clear, type 10, Enter. 


keystrokes: S (for Simplify), Enter. 


This is our normal sequence for sums. Here comes the 
effort—saving editing technique: 
16 
keystrokes: Arrowup (to highlight it : ) , A (for 
Author), tap key F3 (to copy the highlighted expression), hold 
the Ctrl key down and tap A twice, and let up on the Ctrl, 
type 2, Enter. 


keystrokes: S (for Simplify), Enter. 
2@ 


keystrokes: Arrowup (to highlight et ? ), A (for Author), 
F3 (to copy), hold Ctrl down and tap A twice and let up on Ctrl, 
type 3, Enter. 


keystrokes: S (for Simplify), Enter. 


Use this editing technique often and you will learn to 
like it... especially on long statements. Thanks again 
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to Al Rich and David Stoutemyer for excellent design 
and programming in Derive. 


Opportunities: 


1. Find the sum of n? instead of n. Do it from 1 to 2 
(that is, 17+23), from 1 to 3, (17+27+3°) and so on. 
Using Derive, the only change from finding the sum of 
the n numbers is that you type n° instead of n at the 
author mode. Look for patterns . . . you’ll find them. 


2. Find the sum of n? (harder pattern to see than n°). 


3. Find the sum of the first 5 even numbers (2n repre- 
senting the even numbers and n going from 1 to 5). 


4. Find the sum of 1/2" with n going from 1 to 2, which 
results in 1/2+1/4, and n going from 1 to 3, resulting in 
1/2+1/4+1/8, and so on. 


5. Find the sum of 1/3", 1/4", and so on. There are won- 
derful patterns in the answers of the separate se— 
quences and overall. Find them with Derive’s help. 


Derive gives 7/8 as the sum from 1 to 3 of 1/2". This 
shows a special quality of Derive. Most programs pro- 
duce answers only in decimal form; Derive gives you a 
choice. You may specify a rational number (fraction or 
ratio) or a decimal. Mathematically, each can be useful. 


For example, in the case of 1/2", if n goes from 1 to 10 
the result in fraction form, 1023/1024, shows very clearly 
what is happening (try it from 1 to 20 and it will be even 
clearer). But when you try the same approach on 1/4" 
the decimal form (type X for approXimate) may show 
you a clearer pattern than the fraction form does. 
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6. Find the sum of 1/n with n going from 2 to 3, which 
results in 1/2+1/3. 


Find the sum of 1/n with n going from 2 to 5, which 
results in 1/2 + 1/3 +1/44+ 1/5. 





Find the sum of 1/n with n going from 2 to 1000, which 
results in 1/2 + 1/3 +...+ 1/999 + 1/1000. 


On my little laptop Toshiba T—-1000 (a 4.77 megahertz 
computer) it took the time to get coffee to produce a 
many—digit, exact, rational number. When I pressed X 
for approXimate to change 1/2 + 1/3 +...+ 1/999 + 
1/1000 to a decimal, the result was 6.48547 with preci- 
sion set to 6 digits and 6.48547086566 when set to 12 
digits. 


Let me show you how to get Derive to do the 1/n sum: 


keystrokes: A (for Author), type 1/n, Enter. 


keystrokes: C (for Calculus), S (for Sum), Enter, Enter, tap Del 
to clear, type 2, Tab, tap Del to clear, type 100, Enter. 





1@6 1 
z 





n=2 n 
4.18737 






keystrokes: X (for approXimate), Enter. 


The sum of the numbers in the form 1/n is a famous 
sequence called The Harmonic Sequence. It was proved 
long ago that the sum increases without bound as n 
increases. We found on Derive that the first 1000 terms 
adds to about 6 1/2; the first 10000 terms adds to about 
9.8. 
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Derive has much more power in this area than we have 
shown. It can generate symbolic results as well as 
numerical results for sums. 


keystrokes: A (for Author), type n, Enter, C (for Calculus), 
S (for Sum), Enter, Enter, Tab, tap Del to clear, type k, Enter, 
S (for Simplify), Enter. 


k (k + 1) 
2 


. or do something that seems harder... 


See 
Sete 
netetets! 


keystrokes: A (for Author), type n‘7, 
Enter, C (for Calculus), S (for Sum), 
Enter, Enter, Tab, tap Del to clear, 
type k, Enter, S (for Simplify), Enter. 


2 2 4 = 4 
If you don’t like this form, try this (2k +6k -k - 4k +# 2) 
change: 





keystrokes: E (for Expand), Enter. 


And while we’re at it, let’s show off by 
factoring that ugly expression. 





keystrokes: F (for Factor), Enter, R 


2 2 4 3 2 
(for Rational). — k (kt+ti) (3k +6k -k - 4k +# 2) 
24 





Since statement 22 and 24 came 
out the same you might think that Derive produced 
statement 24 by remembering statement 22. I swear, 
that is not the case. On my little six pound 4.77 mega- 
hertz Toshiba T1000 laptop, Derive worked and worked 
for 41 seconds to get the result. On my 20 megahertz 
386 notebook it took 4.59 seconds and on my 33 mega- 
hertz 486 it took 1.48 seconds. 
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Many linear equations are easily solved. 
2x+3 = 11 


This equation states that 2 times some number plus 3 
may equal 11. What number for x can make this open 
statement true? Let’s try a number for x. If it makes the 
open sentence true, we’re done; if it makes the open | 
sentence false, we try a larger or smaller number until 
one number works. In this case, 4 works because 
(2*4)+3 = 11 is true. 


Now look at 127x—315+211—36x+2x = 600+5x. 


This is also a linear equation and I will resist all tempta- 
tions to solve it by myself, because it is a bit messy. 
Here is where Derive can be a big help. We’ll try to 
solve this equation by inspection but with some help 
from Derive. 


aaa 


keystrokes: A (for Author), type 1: 127 x - 315 + 211 -36x+2x= 600+5 x 


127x—315+211—36x+2x=600+5x, 





Enter. 
keystrokes: M (for Manage), 5 (for 2: 127 3 - 315 + 211 - 36 3423 = 600+53 
Substitute), Enter, type 3, Enter. 


aeitee 
es 
sete 


Here we’ve told Derive to substitute 3 for x (this is just 
a wild guess on my part) but not to carry out the calcu- 
lation yet. This is a big help to see and understand 
what’s going on; it slows the computer for us. (Thanks 
to Al Rich and David Stoutemyer for Derive’s excellent 
design and programming!) Now we tell Derive to go to 
it and do the messy part we want to skip. 


keystrokes: S (for Simplify), Enter. 3: 175 = 615 
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So we learn that my guess of 3 was too big or too small 
and does not make the open sentence true. I’d have 
been shocked if it had worked right off. My next wild 
guess is 10. 





keystrokes: arrowup twice (to . 
i a i é : 1 1@ - 315 + 211 - 36 16 + 2 16 = 666 + 5 16 
highlight the original equation), : see 4 | 


M (for Manage), S (for 
Substitute), Enter, type 10, Enter. 


This told Derive to substitute 10 in for every x. Now 
we'll have Derive do the messy part: 





keystrokes: S (for Simplify), Enter. ; 5: 826 = 658 





Let's see- 
... When x = 3 is substituted, we get 175 = 615. 


... when x = 10 is substituted, we get 826 = 650. 


I think 10 is too big since 826 is larger than 650. (Can 
you see why I come to this conclusion?) 


Next I'll try 8. (What would you try?) If you have De- 
rive in your computer and running (you should) then 
follow this up yourself before you read ahead. 


Trying 8 the same way as above, I find it works. (Lucky 
guess!) Allowing Derive do the messy bits, we have 
solved an arithmetically complicated linear equation by 
inspection. Try this technique with all equations you 
meet for a while. You’ll learn a lot from this experi- 
ence. There are many interesting and delicious 
Surprises. 
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When you need an answer, Derive will often get it for 
you. But if you also want to do some mathematical 
thinking, use these commands: manage, substitute and 


simplify. 


keystrokes: Arrowup (to highlight the original equation, 
{27x 3154211-36x+24-60045n), § (or Simplify), Enter 
What has happened? The right side of the equation 
looks about the same but the left side has changed. 
Derive has simplified 127x—36x+2x into 93x and simpli- 
fied —315+211 into —104. Now comes our job. We’d 


like only one side of the equal sign to have x’s and the 
other side to have nothing but numbers. First the x’s. 


keystrokes: B (for Build), Enter, type —, arrowright twice 
(to highlight 5x+600), arrowdown (to highlight 5x), Enter, 


9: x - 164-5 » + 666) -5 x 
D (for Done). 


This directs Derive to subtract 5x from both sides of the 
equation. 


keystrokes: S (for Simplify), Enter. 


This makes Derive carry out the indicated subtraction. 
Next we must add 104 to both sides of the equation. 





keystrokes: B (for Build), Enter, type +, arrowleft (to 
highlight 88x—104), arrowdown (which highlights 88x),now (12: 688 x ~ 104 = 686) + 164 
arrowright (to highlight 104), Enter, D (for Done). 
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And again we direct Derive to carry out the indicated 
operation. 


Keystrokes: S (for Simplify), Enter. 
88 x = 704 


Now we can divide both sides of the equation by 88. 





keystrokes: B (for Build), Enter, type /, arrowleft (to highlight : 
88x), arrowdown (to highlight 88), Enter, D (for Done). is. _38_x = 704 
Ee : 39 





And to simplify ... 


Setetete’ 


keystrokes: S (for Simplify), Enter. pier ge ger see 8 OS 


Of course, for those who are interested only in the an- 
swer, Derive can be used in non slow—motion mode. 


keystrokes: Arrowup (to highlight the original equation), L (for 
soLve), Enter. 


All linear equations can be solved by each of these 
three methods: 


Method 1: Guess a number and use Manage and Sub— 
Stitute to see if it makes the equation true. Let Derive 
calculate the results, and use the feedback to make a 
new and improved guess. Keep going until you find a 
solution (or get tired!). 


Method 2: By adding or subtracting or multiplying or 
dividing, transform the original equation into one that 
you can solve by inspection (the Build command is 
most useful). 


Method 3: Use the soLve command. 
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Try all three methods on this equation: 
7x+22—6x+3—5236 = —13x+889+64x. 


Don’t let anyone easily convince you—in any part of 
math—that there is only one way to do it. The person 
may know only one way or may like only one way, but 
rarely is there only one way to solve a problem. I’ve 
described three here. Find another way. Send your solu- 
tion to us. It may appear in the next edition of this 
book, with our acknowledgment that you are the one 
who found it. 





A wonderful feature of Derive allows us to solve more 
than one linear equation at a time. I’ll make an ex— 

ample; you can do your own. I’ll imagine two numbers, 

x and y, and their sum is 27, and their difference is 5. What 
numbers will work? 


keystrokes: A (for Author), type [x+y = 27, x—y =5], Enter, L ae a a ate 
(for soLve), Enter. : ox = 16, y = 11] 





To check these results: 


keystrokes: Arrowup, M (for Manage), S (for Substitute), Oe geneosee Boge! erie 53 
Enter, type 16, Enter, type 11, Enter, S (for Simplify), Enter. . [27 = 27,5 =51 





In this case we had numerical solutions: try the same 
approach but with equations x+y = 27 and 2x+2y = 
54. 


The @ symbol means any number can be substituted 
for the variable and therefore the two equations are 
really the same equation written in a different form and 
are called “not independent”. If you graph both of 
them you’ll see only 1 line. 
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You should also try the same approach with x+y = 27 
and x+y = 28. Their graphs should be parallel and 
therefore no solution exists. 


Derive is, as usual, willing to tackle messy problems, 
with many equations and terrible-looking numbers. 








keystrokes: A (for (2x +#3y+5z= ii, ix - 13 y 4 1722=-1, x+y 42 = 23] 




















Author), type [2x+3y+5z Ei 68 
= 11, 11x—13y+17z = ee 13” 39 
~I, x+y+z = 23], Enter, t3 [x = 29.9487, y = 7.87692, z = -14.6256] 
1168 92 S47 _ 1168 92 547 
L (for soLve), Enter, X . f- +35 +5 [-S-]-uu ~~ 855+ 17 [- Se. 
(for approXimate), 9: [il = 11, -1 = -1, 2 = 231 
Enter, arrowup, = 
arrowup, 


M (for Manage), S (for Substitute), Enter, tap Del to clear, type 
1168/39, Enter, tap Del to clear, type 92/13, Enter, tap Del to 
clear, type —547/39, 

Enter, S (for Simplify), Enter. 


You can also solve such equations, in general, for any 
coefficients. 


fax tbhby=c,dx 


keystrokes: A (for Author), type ce-bhf e 
[ax+by =c, dx+ey = f], Enter, L oS =e he 


(for soLve), Enter, Enter, Enter, io.) 
arrowup, M (for Manage), S (for as sted 
Substitute), Enter, tap Del to ——— 
clear, type (ce—bf)/(ae—bd), 

Enter, tap Del to clear, type (af—cd)/(ae—bd), Enter, Enter, 
Enter, S (for Simplify), Enter. 





Try the same process with three equations and three 
unknowns but with general coefficients. 


(nina a 












One way to see the richness of math and the varied 
strengths of Derive is by solving one problem many 
ways. A harmless looking problem like solve for x in the 
equation x7—5x+6=0 will serve us nicely for two pur- 
poses. Before we start, think of how many ways you 
know to solve this equation. 


Method 1: If we solve x?—5x+6=0 for x* and then di— 
vide both sides of the equation by x, we get x=5—6/x. 
Substitute for the x on the right side of this equation 
the value of x on the left side of this equation. We get 
5—6/(5—6/x). As you can imagine this process can re- 
peated as far as we like. Graph y=5—6/x (a hyperbola 
with 2 branches) and then graph y=5—6/(5—6/x) (also a 
hyperbola with 2 branches). Where these graphs cross 
are solutions of the original equation, x*-5x+6=0. 


keystrokes: A (for Author), type x*2—5x+6=0, Enter, 
A (for Author), type 5x—6, Enter, B (for Build), Enter, a -5x+t+6-=8 
type +, arrowup (to highlight x*2—5x+6=0), Enter, D gape 

(for Done), S (for Simplify), Enter. 2 
S5x-6+(¢x -3 x +6 = @) 
Next we need to divide both sides of this equa- 2 

tion by x and simplify. ee gs 





keystrokes: A (for Author), type x, Enter, arrowup (to 
highlight x*2=5x—6), B (for Build), Enter, type /, 
arrowdown (to highlight x), Enter, D (for Done), S (for 
Simplify), Enter, E (for Expand), Enter. 
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right side of the equation, make our substitution and 
plot. 





keystrokes: Arrowright twice (to highlight 5—6/x), A (for 
Author), tap key F3 (to copy), Enter, M (for Manage), S (for 
Substitute), Enter, tap Del key (to clear), tap key F3 (to copy), 
Enter. 


Now we need to graph these 2 expressions and see 
where they cross. 


keystrokes: W (for Window), S (for Split), V (for Vertical), 
Enter, tap key F1 (to move to the next window), W (for 
Window), D (for Designate), 2 (for 2D-plot), Y (for Yes), P 
(for Plot). 


I can’t see enough of this graph so I’ll suggest we 
back up a bit and then put on the second graph. 
(for version 1.4 and later, the vertical line in these 
two graphs no longer appears . . . good!) 


keystrokes: Tap key F10 (to back away), A (for Algebra), 
arrowup (to highlight 5—6/x), P (for Plot), P (for Plot). 


Now we’ll use the very effective aim and zoom capa- 
bilities of Derive to look more closely at the points 
of the graphs we’re most interested in. 


By tapping the arrow keys we can move the + sign 
around the graphing window. As the + moves, look 
at the lower left part of your screen and you’II see 
the x and y values of the marker adjust as we go. 
Move your + marker, with the arrow keys, to where 
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the graphs appear to cross. We’ll make that part of the 
graph the center of our window. 





keystrokes: Arrowright and arrowup (to where the graphs 
cross), C (for Center), tap key F9 (to zoom in), use the arrow 
keys (to adjust the marker to a crossing point), tap F9 again, tap 
C (to Center). 


When I move my marker with the arrow keys to the 
2 crossing points I find x=2,y=2 at one point and 
x=3,y=3 at the other. So... . x=2 and x=3 are the 
roots of the original equation. 


Method 2. Here we work toward a solution by start- 
ing at some arbitrary number, compute our func- 
tion’s value at that number and recycle. The process 
is known as recursion. It’s a wonderful process since 

we Start at a wrong answer and march toward better 
and better answers. We’ll start at x=5—6/x. Now we 
pick any number, like 11, substitute that for x on the 
right side and solve for x on the left side (these x’s really 
become old x and new x). Take the result for x on the 
left and start over by substituting it on the right side. 
Amazingly enough, a pattern of numbers develops 
which heads off towards a solution. 





keystrokes: A (for Algebra), A (for Author), tap key F3 (to 
copy 5—6/x), Enter, M (for Manage), S (for Substitute), Enter, 
tap Del to clear, type 11, Enter, X (for approXimate), Enter, 
arrowup (to highlight 5—6/x), M (for Manage), S (for 
Substitute), Enter, tap Del to clear, type 4.45454, Enter, X (for 
approXimate), Enter. 


If you continue this process you will generate a se- / = 

quence of numbers which lead toward a solution. Try it! | es 

Start with a number different from 11 and do the recur- { 44; 5 - __® _ 

sive dance toward success. : | 4.49454 
= ae: tle 





stetetere] 
netetere, 


Sphiatatatalatntetetatelatatateleoteale anipictatet wala hetaicataiaatatsaae da te csad wea esine tdddiadecide deviate detcthtcd ert ecbabbisidsisdessdsecdaeeeccdde sed idTitedcd cesta Himiaiieieaeapie eed 

ese ieseeiejeieleieieleeielsei0"0 ele ieleieieleeleieieieseieiereiese sess steeeet ent E EEL DELL EIF EFF EF ELLE ILE LLL LLL IFILL LILLE FLEE ELIE LE EEE I IEEE ILE IEEE S 

siogetetateceteretetetataterateteteteterersterererersrerererereresssosssssererersrerereneeeresesmsonsseresenensereneserereeeresmesreseereenarensesreeeseeereseesyeeesseaseneeesnrmeerereeereemeannesseenscsenssssereresenasenesssnrensiererenessearereseserensrerssnresesernssserscsrersneresrerssererersra erensreresersrarsrarersrarersscreaserereserererecssere, 
SOS III III III III I III IIR I III III IOI II) 


75 


Many Ways to Solve a Quadratic Equation 
Chapter 7 


Porson? 
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We need more space: we'll 
Close the graph window. 


So, 
pression computes to 
3.03932. Where does 
the 35 come from? I 
just made it up! A 
second number, 211, 
computes to 3.04040. 


rl 


you. You pick a num- 
ber for x and compute 
the result in this big 
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keystrokes: A (for Author), 
arrowup (to highlight 
5—6/(5—6/x)), tap key F3 (to 
copy), Enter, M (for Manage), 
S (for Substitute), Enter, tap 
Del to clear, tap key F3 (to 
copy), Enter, ... 


keystrokes: Tap key F1 (to 
move to the next window), W 
(for Window), C (for Close), 
Enter, M (for Manage), S (for 
Substitute), Enter, tap Del to 
clear, tap key F3 (to copy), 
Enter, M (for Manage), S (for 
Substitute), Enter, tap Del to 
clear, type 35, Enter, X (for 
approXimate), Enter. 


with x=35, the ex- 


make a bet with 


ugly expression and the result will be close to 3. Try it! 


And 3 is a root of the original equation. Wow! 


Pett tet tet, 
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The following 4 methods are the more usual proce- 
dures for solving a quadratic equation. Derive is 
capable of doing the usual as well as the unusual. 


Method 4. Graph y=x?—5x+6. The values of x 
where the graph crosses the x axis are the numbers 
which solve the equation. 


keystrokes: W (for Window), S (for Split), V (for Vertical), 
Enter, tap key F1 (to move to the next window), W (for 
Window), D (for Designate), 2 (for 2D—plot), y (for yes), A (for 
Algebra), A (for Author), type x*2—5x+6, Enter, P (for Plot), 
P (for Plot), tap key F10 if you can't see enough of the graph. 


Method 5. Solve x*—5x+6=0 directly. 


keystrokes: A (for Algebra), A (for Author), tap key F3 (to 
copy x’—5x+6), type =0, Enter, L (for soLve), Enter. 


Method 6. Factor x?—5x+6=0 and set each factor to O 
and solve. 


keystrokes: A (for Author), type x*2—5x+6, Enter, F (for : 2 
Factor), Enter, R (for Rational), arrowleft (to highlight x—3), A x =e t6 
(for Author), tap key F3 (to copy), type =0, Enter, L (for qi (x - 3) (x - 2) 


soLve), Enter, arrowup (to highlight (x—3)(x—2)), arrowright : x- 3:6 
twice (to highlight x—2), A (for Author), tap key F3 (to copy), 2 
type =—0, Enter, L (for soLve), Enter. 





Method 7. Using the quadratic formula to solve the 
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quadratic equation x*—5x+6=0. 





keystrokes: A (for Author), type ax*2+bx+c=0, 
Enter, L (for soLve), Enter, Enter, arrowup once, M - ax #+bxte= 
(for Manage), S (for Substitute), Enter, Enter (to skip 


a 
(b - 4 > +h 
x), tap Del to clear, type 1 (for a), Enter, tap Del to Nth = Sao th 


clear, type —5 (for v), Enter, tap Del to clear, type 6 _— 

(for c), Enter, S (for Simplify), Enter. Ie - - tant = 

: ‘ 2a 
This produces the root x=2 and if you do the . 
same pattern of substitutions in the other __ W0C-5) - 41 6) + -5 
expression you'll get the second solution. 21 





A last way for Derive to solve x? — 5x +6=0 

is amore automated method similar to method 1. The 
command iterates makes a list of numbers or expres- 
sions which result from substituting a value (or expres- 
sion) for a variable then calculating a result and feeding 
that result back in. 


keystrokes: A (for Author), type iterates (5—6/x, x, 1.8, 6), 
Enter, X (for approX), Enter. 





6 
ITERATES [5 - —, x, 1.8, 9] 
x 





Gradually make the last number bigger. And then try 
approX with no last term. Also try the command iter- 
ate, which will produce the nth term and not a list. 
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A look at history has often helped me understand the 
math I was studying. Nowhere is that more true than 
with complex numbers. First of all, the name is a prob- 
lem... complex numbers. It sounds very difficult— 
something only Gauss or Riemann or von Neumann 
could understand. 


Well, let’s see if that’s true. In the past, people could 
solve an equation like 3+x = 12 by choosing a 9 for the 
x, thus making the true statement 3+9 = 12. However, 
x+5 = 2 had no solution for a long time. Only when 
negative numbers were invented and accepted could a 
solution of —3 exist. —3+5 = 2 makes a true state— 
ment. It’s hard for me to believe but until the seven- 
teenth century negative numbers were not fully incor— 
porated into the real number system. There is a direct 
analogy between this historical experience and the 
invention and acceptance of complex numbers. 


If we solve x” = 25 we notice two solutions, 5 or —5. We 
can see this by inspection or by seeing where the graph 
of this function crosses the x axis. Another choice would 
be to use soLve on Derive: 


keystrokes: A (for Author), type x*2=25, Enter, L (for 
soLve), Enter. 


Try solving x* = 4 or x* = 1 by inspection and by Derive. In 
both examples solutions are easy. But now try 

x* = —1. By inspection it would seem 1 or —1 are the 
only possibilities. But 12 = 1 and (—1)* = 1. So there 
seems to be no solution. Now let Derive try. 


keystrokes: A (for Author), type x*2=—1, Enter, L (for 
soLve), Enter. 


x xX xX 
i 
reel] 
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Derive gives two solutions, neither of which looks like 
what was called a number for most of our history. Let’s 
test these two solutions. 


keystrokes: Arrowup twice (to highlight x2 = —1), M (for 
Manage), S (for Substitute), Enter, arrowdown (to highlight 
x = i), arrowright once or twice (to highlight i), tap Del key to 
clear, tap key F3(to copy the highlighted expression), Enter, S 
(for Simplify), Enter. 


So Tt seems to work .. . let's try —7. 


keystrokes: Arrowup 4 times (to highlight x?=—1), M (for 
Manage), S (for Substitute), Enter, arrowdown twice (to 
highlight x = —i), arrowright twice (to highlight — i), tap Del key 
to clear, tap key F3 (to copy the highlighted expression), Enter, 
S (for Simplify), Enter. 


Here are two solutions for a problem that had no solu- 
tion for thousands of years. By 1800 this idea was just 
appearing and by 1900 it was widely accepted. 


Unfortunately, these new numbers were called imagi- 
nary numbers; this gave them an unnecessary air of 
mystery. If we look back in time, the invention of 3 or 
—5 or 2/3 or O is even more amazing than the invention 
of imaginary numbers. 


In some sense all “numbers” are “imaginary”; that is, 
they are things we make up in our minds and connect to 
parts of the world. 


People who are practical sometimes question the math 
person’s contact with reality. If we’re counting 
Porsches, then numbers like 1, 2, 3 do it quite well: we 
don’t often talk about 2 and 1/2 Porsches or —2 Fer- 
rari’s. Numbers like 1, 2, 3 can do these jobs quite well. 
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But if I’m buying a movie ticket I may need 4 and 1/2 
dollars or if I owe you money we could talk about —$10 
(or multiplying by some billions, the present U.S. annual 
trade deficit). 


Imaginary numbers like i or 5i and complex numbers 
like 3+27 all have reasonable physical representations 
just as other numbers do. They are used every day by 
practical people like electronic engineers and physicists 
(but, so far, not by even the most creative accountants). 


Let’s explore these new entities by examining powers 
of 7. 


keystrokes: A (for Author), hold down the Alt key and type i, 
Enter. 


keystrokes: A (for Author), hold down the Alt key and type i, 

hold shift and type 6 (for “), type 2, Enter, S (for Simplify), 

Enter. 
So 7! is 7 and 7? = —1. Now try 7? and 7. Simplified, can 
you guess the result? Keep going and look for patterns. 
What is 7!° ? Predict from your experience. What is 1”” ? 


TF ... 
... whatis 2@ ? 7! 2? 772 


And what is 7-2? 7-2? 7%? 77, 7, 76 . 
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Now that you are familiar with the natural number 
powers of i and the patterns they make, we can try the 
Same idea with powers of the complex number 1+. 


keystrokes: A (for Author), type (1+, hold down Alt key and 
type i, type )*1, Enter, S (for Simplify), Enter. 


So (1+)! is 147. 


Keystrokes: A (for Author), type (1+, hold down Alt key and 
type i, type )*2, Enter, S (for Simplify), Enter. 


Here is another case where Derive is too quick and 
powerful for us to see what’s happening. What rule for 
multiplying complex numbers is Derive using? 


We'll try (1+a)? and then substitute f to see the details. 


keystrokes: A (for Author), type (1+a)“2, Enter, E (for 
Expand), Enter. 


So (1+a)? is a2+2a+1 and we can substitute 7 for a. 


keystrokes: M (for Manage), S (for Substitute), Enter, hold 
down Alt key and type i, Enter, arrowleft (to highlight i), S (for 
Simplify), Enter. 


This makes sense since i? is —1. Now to simplify the 
whole expression. 


keystrokes: S (for Simplify), Enter. 
Let’s try (14+4)?. 


keystrokes: A (for Author), type (1+, hold down Alt key and 
type i, type )*3, Enter, E (for Expand), Enter. 
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And using our slow—motion trick... 









keystrokes: A (for Author), type (1+a)43, Enter, E (for 
Expand), Enter, M (for Manage), S (for Substitute), Enter, hold 
down the Alt key and type i, Enter, arrowright (to highlight i*), 
S (for Simplify), Enter, S (for Simplify), Enter. 


3 
ci + a) 
3 a 
a t3at?Barti 


3 2 
This slow—motion process can be helpful in many situ- 7 39 Fatt 


ations. Derive can help us to explore in enough detail 
that we can actually learn some math rather than just 
accept whatever appears. Derive can produce answers “zw 
quickly or it can go slowly and show the process clearly. 
We are driving, so we need to choose the speed to suit 
our current goals. 


2 
-~T+37% +3741 
~a * 6S 


The pattern for (1+7)" does not seem to be as easy to 
follow as 7". Recall that?! .. . 7 went 1, —1, —i, 1, 7, —1, 
—i, 1. We should expect something like this with (1+1)" 
although not exactly the same. As a start we’ll write 
(1+1)* with n from 1 to 4: 


(1474)! = 147 (141)? = 0427 
(149)? = —24+27 (1+1)* = —440i 


This form is called rectangular or Cartesian form or 
standard form for complex numbers. There’s an advan- 
tage ... we have ordered pairs which allow us to think 
of normal two dimensional graphs. To guide our think- 
ing, we’ll graph 7", a known pattern, and then we'll 
graph (1+1)". First we’ll set up a graph window. 
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SE eee eee ceca ese ceeceececeee 
Ent PRE EEE EEE TELE EEE ERED a tittnnnee Stiinta EES 


keystrokes: W (for Window), 
S (for Split), V (for Vertical), eee 
Enter, tap key F1 (to change — os 
windows), W (for Window), D 
(for Designate), 2 (for 2D— 
plot), y (for yes). 


2 
18: (1 + a) 
2 
19: a t2Z2arti 


2 
26: FT #+2T#1 
el. -=1-t 2-4 2 


This gives us a graphing aa: 21 


4 3 
window. Now we can plot “3 ABs 


* 
n 

3 

25: (i+ a> 


3 2 
26: a t3Z3atBarttl 





3 2 
ate Net 2 FT +3 7 4 


2 
28: -T+#3%7 +3741 
29: mem 


OMMAND: BETO] Center Delete Help Move Options Plot Quit Scale Ticks Window Zoon” 
Ent ti 
Peas i uil Scale x:1 il Derive 2D-plot 





Setereee 
ees 
See 


keystrokes: A (for Algebra), A 
(for Author), type [re(, hold down Alt key and type i, type “n), 
im(, hold down Alt key and type i, type “n)], Enter. 


This allows us to pull out the so—called real part of 
and plot it as the first number of an ordered pair of real 
numbers, and then pull out and plot the imaginary part 
(the number times 7) as the second number. The square 
brackets will allow us to plot the points. The whole 
expression is called par- a 
ametric form. 





keystrokes: P (for Plot), S (for 
Scale), type 1, Tab, type 1, 
Enter, P (for Plot), hold the Del 
to clear, type 0, Tab, hold 
down the Del key to clear, type 
4, Enter. 


(By the way, you should 


get a nice smooth circle. If 
:; DER SG ees Ee 


you get an ellipse or oval, [—{——— = . cc 
ONMAND : Center Delete Help Move Options Plot Quit Scale Ticks Window 
Zoon 











Enter option 
ross x:1 1 Scale x:1 oA Derive 2D-plot 


ecetetes 

Setetete 
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melerevetelererererensrsrsrerseerensetete tate eaetetetetetetetets “ete OID ee “erate < nererecetetere, sereserseree Oy eee SO neseleleleleteterenerereteteteterees sereterenelererere. << . 
Seeeeeeeeeetetceeeienee eee seantatetetatetaeeenty 
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change your Ticks to 8 and 8 or some other numbers 
until the circle looks right . .. monitors are different and 
Tick settings allow us to make an adjustment.) 


What really happens is that lots of points are generated 
by numbers for n between 0 and 4. If we plotted only 
n= 1, 2,3, 4 we’d get four points which happen to lie 
on a circle. We’ll use this important feature of Derive’s 
graphing program in Chapter 9. 


What about the graph of (1+1)"? 





keystrokes: D (for Delete), A (for 
All), S (for Scale), tap Del to clear, 
type 8, Tab, tap Del to clear, type 6, 
Enter, A (for Algebra), A (for 
Author), type [re((1+, hold down 
Alt key and type i, type )*n), 
im((1+, hold down Alt key and type 
i, type )“n)], Enter, P (for Plot), P 
(for Plot), Tab, tap Del to clear, 
type 8, Enter. 














n n 


So i" is a nice smooth circle of ee 


radius 1 and center at (0,0) and 
(1+i)" is a gradually expanding , 

nice smooth curve called a ri 8.9642 
spiral. A circle can be thought 

of as a spiral whose radius does not change. A spiral 
can be thought of as a circle whose radius does change. 





Fr (ee ee eS 








OMMAND : Center Delete Help Move Options Plot Quit Scale Ticks Window 
Zoon 


6 Derive 2D-plot 


The command for the real part of a number is re and 
the corresponding command for the imaginary part is 
im. These can offer many possibilities in graphing. 


<e'e'sle'eie'e'e esis eleieieleieieieisieleleieleleielsleleele'eleleleleleieleleleleleie!eleleleleleleieseeselsie]s1019 1019200819089 ett tt EDIE IID ISEL PSI ITISISPIE IIIS EEE EII SSI SE IS ISSS ESS ESS SSS SESE ES ESSE EERE 
See lebe dese ce decade eteteele decease etececeece cee arae aetna EOE A eee eee ee EEE NDE SEDDED EEE Siesta CEE EEE EEE EEEEE EEE EEE glee EEE 
sae a aaa arate eee arate ocetotetetetecenecnrerenneseeatatetaseneaeneetenstonetenssenetetatataratatatatenataneterstetetesrerstetstenstensnanstanatanetsretesetstssstssssetareterstetere srenssrersssersatsatetsnnearstars sets crs sssssstisreeaeseeetre cress satatesatatetae eusssusesseererens cents tassonsiecesie scat easi ei tives 
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seca tcc cece ce cece ceeceeeceetececeerce ace ae etea ce ea lee ce eee eee ieee ete ete e ee eceeecee ceases eeeceeteseete peat eeteetreetceereetenereteeineeteneeten 
Sere cecceeeececeeeeeeeeemceccctetcceceneteesescececeeemececetetetetetetereteteteteecetecens SS eieeeticctccinineen: Seeeteeieeeee 
"SIS eet 


The arc sine function can be interesting. I read it as “the 
arc whose sine is x”. Asin(1/2) is the arc whose sin 

is 1/2; 1/6 or 30 degrees would be correct. Let’s look at 
the graph of asin(x). 





keystrokes: A (for Algebra), A (for Author), type asinx, Enter, 
P (for Plot), D (for Delete), A (for All), S (for Scale), hold Del 
to clear, type 1, Tab, hold Del to clear, type 1, P (for Plot). 


This graph always seemed strange to me. . . cut off. 
Where is the rest? Let’s look around. 


keystrokes: A (for Algebra), A (for Author), type re(asinx), 
Enter, P (for Plot), P (for Plot). 


The original asinx has been over—plotted by a curve 
which is flat to the left and right of the original. What 
about the imaginary part of this curve? 


keystrokes: A (for Algebra), A (for Author), type im(asinx), 
Enter, P, P. 


The imaginary part comes from and goes to opposite 
directions of the real part and is zero in the region of 
our original curve. I’m very pleased with these pictures 
because they are quite new to me and I discovered 
them quite by chance while experimenting with combi- 
nations of commands in Derive. 


What about the plot of re(sin(x+xi))? We’ll be looking 
at the sine of complex numbers like —2—27 and —1-7 
and 3+31 and then only at the real part of the sine of 
those numbers. Try it! Superimpose the im(sin(x+x?)) 
and compare them. Did the graphs look like what you 
expected? Try im(sin(x+/)) and im(sin(x+21)). Do 
vector(im(sin(x+k*7)), k, 4). Don’t forget to Simplify 
before plotting. 


ae eee maeemaeemnteenteemMseainesdamesaassiasassasenasesesseees iE 
nininseiseaaedeinasiaasianmnansnaaansannnnnananenannnsssaccasns aces ac acacciseeeee scene aceeaeanenneeeee 





See 












One of the clearest ways to see much of trigonometry is 
to focus on basic characteristics of a circle of radius 1, 
the so—called unit circle. 


First we’ll set up 12 points which are evenly spaced on 
such a circle. Since there are 360 degrees in a circle, the 
points are usually labeled O degrees at the extreme right 
and then 30 degrees for the first point counterclockwise 
and then 60 degrees and 90 degrees and on around to 

360 degrees, which brings us back to the original point. 
This simple picture will allow us to develop a lot of trig. 


keystrokes: A (for Author), 
type [cos(xdeg), sin(xdeg)], 
Enter, W (for Window), S (for 
Split), V (for Vertical), Enter, 
tap key F1 (to move to next 
window), W (for Window), D 
(for Designate), type 2 (for 
2D-plot), y (for yes), P (for 
Plot), hold Del key to clear, 
type 0, Tab, hold Del key to 
clear, type 360, Tab, S (for 
Step), type 13, Enter. 


If your points are not HNAND: Center Delete Help Nove Options Plot Guit Scale Ticks Window Zoom 
spaced evenly on an invis- 
ible circle then press T for 
Ticks and change the row and column numbers until 
the dots look right. On my Toshiba T—1000, 9 and 9 
works very nicely. For a computer with a Hercules card, 
12 and 20 is a good choice. Also, make sure the Scale 
reading is 1 for x and y. If not, press S and change the 


reading. 








yil Scale x:1 yil Derive 2D-plot 
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Now move the marker (+) on the graph window by 
pressing the arrow keys. (If the marker doesn’t move, 
press key F1 to move into the graph window). Move the 
marker (+) to the first point up from the middle on the 
right side (30 degrees). When I do this, my x reading 
(lower left of the screen) is .8687 and my y is .5. Your 
reading can vary by a small amount depending on your 
monitor and/or how close you place the marker to the 
30 degree point on the circle. Let’s compare these val- 
ues with the sin(30 deg) and cos(30 deg). 





keystrokes. A (for Algebra), AQ EEE —E_ EE 
(for Author), type sin(30deg), 

Enter, S (for Simplify), Enter, 

A (for Author), type 1: [COS (x ©), SIN (x °] 

cos(30deg), Enter, S (for oe 

Simplify), Enter, X (for > 

approXimate), Enter, tap key {{*’ — 

F1 (to move to graph window). [/°' 2 


6: 6.866825 
7: SIN (68 °) 





So we can see that the x = 
value of our point at 30 es 
degrees is —.8687 whichis [/!® oa (eo *) 
almost identical to — 


COMMAND: “DETR Center Delete Help Move Options Plot Quit Scale Ticks Window Joon 


cos(30 deg) and the y value fovnute sige: 0.1 seconay . } 
of this point is exactly oss x:0.5 ¥:@.875 Scale al gil Derive 2D-plot 
equal to sin(30 deg). Move the marker to the next 
point (60 deg). I get an x reading of 0.5 and ay reading 
of 0.875. We’ll check the numbers: 


keystrokes: A (for Algebra), A (for Author), type sin(60deg), 
Enter, S (for Simplify), Enter, X (for approXimate), Enter, A 
(for Author), type cos(60deg), Enter, S (for Simplify), Enter, F1 
(to move to the graph window). 


We see that sin(60deg) is almost exactly the same as the 
y value at 60 degrees and cos(60 deg) is exactly the 
same as the x value at 60 degrees. The x and y values 





SOE EE NEE REAR a sei asutesasatesetiesmtegstassnapsasepasenesunsee BE 
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represent the perpendicular distances from the axes to 
that 60 degree point on our unit circle. 





Combining these two ideas, we see that sine and cosine 
of an arc are just fancy names for the x and y coordi- 
nates of the point on a unit circle (centered at (0,0)) at 
that arc distance from the 0 point on the circle. 


Since the circle on the screen has a radius of 1, the 
sin(90 deg) must be 1; try it! What is the sin(270 deg)? 
cos(180 deg)? Did you notice the sin(30 deg) was the 
same as the cos(60 deg)? Can you see that result from 
the points on the circle? Compare sin(60 deg) and 
sin(120 deg). Compare sin(30 deg) and sin(—30 deg). 
Also, cos(30 deg) and cos(—30 deg). How would sin(Xx) 
and sin(—x) compare? Look at the points on the circle 
to try to answer these 

questions andalsouc the [>= 
algebra window. 1 


3: —_ 
2 
4: cos (3@ %) 


keystrokes: A (for Algebra), A jj,, © 
(for Author), type sin(—x), : 
Enter, S (for Simplify), Enter. fj7: sin «6a » 


6: 6.866625 
J3 


Ss: —— 
2 


keystrokes: A (for Author), 9: 8.866025 
type cos(—x), Enter, S (for 18: = (6@ °) 
Simplify), Enter. 41: 
12: SIN (- «© 
13: - SIN (x) 


It is possible to have 14: COS (- x) 


which represent sine and —_rowmn: aman center Delete tele Nove Ortions Plot Quit Seale Ticks Window Zoon 
° ° En te tion 
cosine on the points of the (Gs <65 


circle: 


y:@.875 Scale x:i yil Derive 2D-plot 


keystrokes: A (for Author), type all of the following inside the 
square brackets including the comma: [cos(30deg), x 
sin(30deg)], Enter, P (for Plot), P (for Plot), hold Del key until 
clear, type 0, Tab, hold Del until clear, type 1, Tab, C (for 
Continuous), Enter. 


eomeeennesccnascnmmasccssscissmiasaeé sta ie ees SOE SESE! SE ASSO WEES SEES ALES SSS EAS SSE SSS SS SSS EES SS SESS SSS SSS SSS Telecel ESA ae ete 
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This segment represents sin(30 deg). Try for 
sin(150 deg) and sin(60 deg) and sin(—60 deg) and... 


To represent cos(30 deg): 





keystrokes: A (for Algebra), i 3 


A (for Author), type 8 


4: COS (38 °) 


[x cos(30deg), sin(30deg)], B 


Enter, P (for Plot), P (for Plot), ae 
. 


:  @. 866025 
Enter. 7: SIN (60 ®) 


SE 


2 


Try for cos(—30 degrees), $ 9.866025 
cos(150 degrees), 18: COS (6@ ») 


1 
cos(300 degrees), ae 
cos(780 degrees). [i oN 

14: Cos (- x) 
= 15: COS ¢x> 
Based on Our experience 16: [COS (30 °), x SIN (30 °)] 
° ° 17: (See Ee Se 
above we can list some trig COMMAND: -DETANE] Center Delete Help Move Options Plot Quit Scale Tick Mindee doom 
identities (open sentences  etsz erfig" y:0.875 Scale x:1 uit Derive 2D-plot 
that are true for all legal = 


substitutions): 






cos(x+360deg) = cos(x) 

sin(x) = —sin(—x) COs(—x) = cos(x) 
sin(x) + sin(x) is not equal to sin(2x) 

sin(x) = sin(180deg—x) _ sin(x)/cos(x) = tan(x) 
sin(x+180deg) = —sinx 

sec(x) = 1/cos(x) 


Make up lots more of these yourself. Look at the unit 
circle for clues. Make many errors and you will learn. 
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So far, we have measured our locations on the unit 
circle by degrees, with 360 degrees to each complete 
turn. A second way of measuring locations on a unit 
circle is by measuring the actual distance from a fixed 
reference point on the circle (usually at the far right of 
the circle). Since the distance around any circle is 27 
radius, and since, by definition, the radius of a unit 
circle is 1, then the distance around a unit circle is 27. 
Since 7 is about 3.14, then the distance around is about 
6.28. If we measure locations on a unit circle by dis- 
tance, the unit is called radians. 1 radian is about 1/6 
of the way around the circle or about 60 degrees: 27 radi- 
ans takes us all the way around, so it must be the same 
as 360 degrees. 


The following keystrokes will construct a complete unit 
circle using radian measure instead of degrees: 





keystrokes: Tap F1 to move to 
the graph window (if 
necessary), D (for Delete), A 
(for All), A (for Algebra), A 
(for Author), type [cosx,sinx], 
Enter, P, P, hold down Del key 
until clear, type 0, Tab, hold 
down Del key until clear, type 
2, hold down the Alt key and 
tap P (for =), Tab, C (for 
Continuous), Enter. 


1: (See eee 





So, if we use sin(x) or 





cos(2x) with no deginthe [™ = Center Delete Help Move Options Plot Quit Scale Ticks Window 
Enter option 
parentheses, then we are a = 5 2 ee 


automatically using radi- 
ans, and O to 27 gives a full circle. If we want to use 
degrees as our unit then we use sin(xdeg) or cos(2xdeg) 
and 0 to 360 is a full circle. 
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The following suggestions may help you to see how to 
handle radians on Derive. 





keystrokes: F1 to the graph 
window if you’re not there 
already, D (for Delete), A (for 
All), P (for Plot), Tab, tap Del 
key once to remove the 2, 
Enter. 


By going from 0 to pi we 

constructed 1/2 a circle, 

just as when we went from 

O degrees to 180 degrees. 

So, sin(180deg) should be |i: [iE 








the same as sin(7). DMMAND : Center Delete Help Move Options Plot Quit Scale Ticks Window 
Zoom 


Enter option 


ross x:1 54 Scale x 4 Derive 2D-plot 





keystrokes: A (for Algebra), A (for Author), type y cu aes 2 es 
sin(180deg)=sin(, and now hold down the Alt key and tap P do: oe 
(for 1), type ), Enter, S (for Simplify), Enter. eS 


What about cos(90deg) = cos(z/2), or sin(1.57) = 
sin(270deg), or cos(2m+7) = cos((360+180)deg)? Is 
sin(3) < sin(2) or is it sin(2) < sin(3)? 


If S for Simplify doesn’t change your expression into a 
number you want, then use X for appro Ximate. 


Opportunities: 


Does sin((30deg)+(60deg)) = sin(30deg)+sin(60deg)? 
Look at the unit circle to understand what is happening. 
Make up more examples in which a statement you 
might expect to be true is in fact false. Clear your graph 
screen and plot [cos(x), sin(x)] from 0 to 1/6; from O to 
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2 11/6; from 0 to 3 1/6... Try to get the same effect 
using [cos(xdeg), sin(xdeg)]. Use Delete All before 
Starting a new graph. 

Does sin(2deg) = cos(2deg)? Look at the unit circle to 
see why they’re not equal. Can you find an x so that 
sin(2deg) = cos(xdeg). Can you find more than one 
value for x? For what x does sin(3deg) = cos(xdeg)? 
... does sin(4deg) = cos(xdeg)? Can you generalize this 
experience so that for any k you can predict an x in 
sin(kdeg) = cos(xdeg)? 

Which of the following statements are true? 


If a statement is false then fix it up so it is true. 
If true, then make up more examples like mine. 


sin(91deg) = sin(89deg) 

cos(179deg) = cos(ideg) 

sin(7t/6) = sin(13 1/6) = sin(25 1/6) = sin(37 7/6) 
tan(27c/6) = tan(6O0deg) 

tan(45deg) = sin(45deg)/cos(45deg) 

30deg = 10/6 = 13 1/6 

sin(30deg) = sin(13 7/6) 

sin(10deg) =? sin(20deg) =?  sin(30deg) =? 
Continue this sequence and look for patterns. 

Do the same for cos(x), tan(x) (which is sin(x)/cos(x)), 


cot(x) (which is 1/tan(x)), sec(x) (which is defined as 
1/cos(x)), and csc(x) (which is 1/sin(x)). 





dod nik in RA RAD ARAB AAPA SMA De EA AeA RA madd AAD DPhp ede ape bene a EAPE ROD DARA ARE Rha ip hi aes ARR cede Reheat Ae AS RAEI oes Rie Raa eS ae Raed 
eledeleleteteleteleteleleteteleletetetet ele teteleleleteteleleteleleteteleleteleleteteleteteleeleteteteleteteleteteteleteteleleteteleletetetetatetetetetetetetetetetatatetetatatetatatetfatatetefotatetofateteteteteteetenesetereteselesesesesesescoesesescossessstetetstshensestetenetetonenetstosenseistototessicsonessts tenes otebeesastoneestetepeasteneneeenenees 
er eretelereseleleceteteselee tec etete loco tele etocetetetecetetetetececeteteresteetetetatetsteteteteteteteneteetetsteteteteteteretstetatetsteteteteretetstetstotetetsteteteterstetetstscenstatsserssatescssstetscsssstenssesctssaterssetatatsrstarsscesensescesestetercsscnzezercuseseercustacccececezeseusesasecaezecessacsesacacscsescacacscaacatstaae) 


93 


Trigonometry 


Sec ae state 
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Clear your graph screen with Delete All (remember to 
be in the graph screen before you take action-look for 
the shaded number at the top of the window and use F1 
to shift between windows) and experiment with repre- 
sentations of sin(x) and cos(x). 





keystrokes: A (for Algebra), A (= = : sea 
(for Author), type [cos(90deg), 
xsin(90deg)], Enter, P, P, hold 
down Del key until clear, type 
0, Tab, hold down Del key until 
clear, type 1, Tab, S (for Step), 
type 11, Enter. 


If you’ll look closely at 
your vertical or y axis youll 
find a nice “ruler”, sepa- 
rated into tenths. Since 
sin(90deg) is 1, each of the 
marks on the “ruler” repre- 
sents 1/10. Now plot the 
following unit circle. 


1 [COS (x), SIN (x)] 

2 SIN (18@ *> = SIN (a) 

3: @-6 

C0 MNAND: ET SEY 5 Center Delete Help Move Options. Plot Quit Scale Ticks Window Zoom 





i eg y:@.8854 Seale x:1 yil Derive 2D-plot 


keystrokes: A, A, type [cos(xdeg),sin(xdeg)], Enter, P, P, hold 
Del to clear, type 0, Tab, hold Del to clear, type 360, Tab, C (for 
Continuous), Enter. 


Now we can put our “ruler” where we want to on the 
unit circle to measure the value of the sine. 





aa EEE SEES EEE EEDESSESESSSES ESSE SESE lca usemamssunsausseamansetauasae 
ineeernaenemanmnmnnnanenmnnaanensaaemnamnsenesessnneccsseccccesceeescecee EE SSIS SSS SSE SSESSESS SESS SESSSSSESSEESSSESSSSESSSEESSESESE EES SESS SEE SSEESSESEES: 


aerate craceatocntenece sooo eee eta dbs EEE E EEE EEE FFEEESEESSESESSISSISSSSSSSIISSSSSSSS SS: 
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keystrokes: A (for Algebra), ! 
arrowup to [cos(90deg), 
xsin(90deg)], A (for Author), 
press F3 key (to copy), hold 

Ctrl key down and press key A 
until the underline moves to 

the 9 of cos(90deg) and then 

type 3, Enter, P, P, hold Del to 


[COS (x), SIN (x)] 
SIN (188 °) = SIN (w) 


clear, type 0, Tab, hold Delto #/?* °=® : 
clear, type 1, Tab, S (for Step), /4: [cos (98 °), x SIN (98 °)] 
hold Del to clear, type 11, 5: LCOS tx °), SIN t& °1 
Enter. 6: eee Ce 





x SIN 


AND : Center Delete Help Move Opt 


Now, if youcount spaces [" Zoom 
nter option 


from the bottom, remem- aaa ee i Scale:x: 


bering that each space is 

1/10, you’ll get about 5/10 as the distance from the hori- 
zontal midline of the circle to the crossing of the circle. 
So, we confirm that the sin(30deg) is 1/2. Try moving 
the ruler to 60deg or 120deg or. . . Try making a hori- 
zontal “ruler” for exploring cos. (You could make life 
easier if you made a ruler from paper and used that on 
your screen). 


Trigonometric Identities 


An infinite number of algebraic equations are true for 
only certain values of their variable; for examples 
2x+5=13 is true for only x=4 and x*—1=24 is true only 
for x=5 or —5. 


Another infinite number of algebraic equations are 
true for all legal substitutions: x+x=2x and 
(x+3)?=x?+6x+9 are always true.There are analogies in 
trigonometric equations. 


cos(xdeg)=1/2 is true for x=60 degrees or x=300 de- 
grees or x=420 degrees or x=660 degrees and so on. 


neterere, 
PPE TEE T ET TEE TEE E TERT T TREE TEE EA TREE RTARTA TT A TATA TAA A ATT ATTA STATISTI ISIS ISS IS SSS III SS SSS SSO KK RE KKK I NI RN 
Patettetetete tetas ttstateansnetestatsatsensateeneeteeretstereretere teeters rere ererereerererererereee reeset trices etetetetehetetetetetetetetctetetetetetetet atetstoatstetetenetstetstatstetetstststatsterstanesterstersenesnesrsessssers srsesesesee eeeslertleltiee 

se Seeletetetete tele telet ele teteletetedeteletetetoteteteteteleteleteletetetetetetetetetetetetetetetetetetetetelete late tet eletetetetetetetetetetetetetereteteleteleteececetetecetesetecstetecesecesecesscessteseasscorceatoratcnatenetstonescnes snatstarsesssenssenssensccssceessassoesseasecanscasacenssrouszoassoassoassassuaszoasasaoscaczegeasasssaca.acacatacacacad 





ions Plot Quit Scale Ticks Window 
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Although this equation is true for an infinite number of 
values of x, they are all versions of the original 2 an- 
Swers; the equation is not true for all values of x... 
such as 26 degrees. 


Other trigonometric equations, called identities, are true 
for all legal substitutions. Derive can help you 
understand and manipulate these expressions. 





keystrokes: M (for Manage), T (for Trigonometry), E (for 


Expand), S (for Sines), Enter, A (for Author), type BIN 
sin(x+30deg), Enter, S (for Simplify), Enter,M,T,A,A,Enter. |. _COS (x) | W3 SIN (x) 


2 a 





If you plot sin(x+30deg) and the simplification of the 

same you'll see that the graphs look identical. If you 
substitute random numbers for x in each expression and 
approXimate, you’ll get the same results. 





With the help of the vector command we can make a 
list of expressions; with the help of square brackets we 
can display this list in a table. 


Seletere: 
Setetete’ 
eletete 
Seletete! 


keystrokes: A (for Author), type VECTOR ([CSIN (n x)], n, 4) 
vector([sin(n*x)], n, 4), Enter, S (for Simplify), SIN (x) 

Enter, M (for Manage), T (for Trigonometry), E SIN (2 x) 

(for Expand), S (for Sines), Enter, S (for Simplify), SIN (3 x) 


Enter. 
SIN (4 x) 


Return the settings to Auto, which is the 
default case, when you have finished ex- 
perimenting. We’ve only begun to explore ee 
the possibilities here. 


ges | ee eg Ble 


= 
Casi, eee t L e eee hee 


aa acannon EE EEE ESSE SETS SEAS Laddddssasagsssassseasasasgssssnassseeussaausenaee 
Spasenmnmmensasnrasncaca a ance nn nanan nanan nasa nana anna nana natnenenanstane teen ee renee ee LLL eee A eee ee ee eee el tatatate tattle Ratatat tat testa te, 
sesnseincaraeeermencacmaneneiasesnsnaninasasasneaesnsesnemaesesssaeseeesecceeeea eee SSSSSSSSSSSSSSESESSS SESE ESS SSSEEESSEES SESE SSSEEESSEEE 





Like most graphs, the graph of sin(x) = y goes on and 
on to the left and the right. We are flying over an elec- 
tronic field of graphs when we look at a graph on De- 
rive. We are seeing only a small part of the graph. By 
pressing key F9 or F10 we move closer to the graph or 
back away to see a wider part of the graph. First we'll 
set up our graphing window and do a trig graph. 


keystrokes: W (for Window), (———;:3 
S (for Split), V (for Vertical), 
Enter, tap key F1 (to move to 
the next window), W (for 
Window), D (for Designate), 
2 (for 2D-plot), S (for Scale), 
tap Del to clear, type Alt p 
(for 1), Tab, tap Del to clear, 
type 1, Enter, A (for 
Algebra), A (for Author), 
type sinx, Enter, P (for Plot), 


P (for Plot). : 
; J0ReD (x) 


Each mark on your grid OMMAND : Center Delete Help Move Options Plot Quit Scale Ticks Window 
Zoom 


horizontally is worth 1 Enter option : 

: ross x:8.9599 :8.9821 Scale x:3. 
and each mark vertically 
is worth 1. We see that the highest the sine curve 
reaches is 1 and the lowest is —1. We also see that the 
curve repeats approximately every 2 screen units hori- 
zontally, since each screen unit is worth 7, then repeat- 
ing begins every 27. You can use the marker (+) on 
your screen and the corresponding x and y numbers at 
the lower left part of your screen to find the coordi— 
nates that match points on the screen. Try it! Use PgUp 
and PgDn and hold Ctrl key down and arrow left or 
right for bigger jumps. Use arrow keys only if you want 
small jumps. 





ft Derive 2D-plo 
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SPAS eects eee S53 


Now we’ll put a cosine curve on top of the sine curve 
and try to make some comparisons. 


keystrokes: A (for Algebra), A 
(for Author), type cosx, 

Enter, P (for Plot), P (for 

Plot). 


As you can see, the cosine 
curve looks about the same 
as the sine curve... up to 1 
and down to —1... over 
and over. The only differ- 
ence seems to be a horizon- 
tal shift. Graph the follow- 
ing suggestions to see the 
trend. 


keystrokes: A (for Algebra), 
A (for Author), type 

cos(x—1), Enter, P (for Plot), P 
(for Plot). 


keystrokes: A, A, type 
cos(x—1.5), Enter, P, P. 


keystrokes: A, A, type 
cos(x—1.7), Enter, P, P. 


What value of the variable 
k, in cos(x—k), shifts the 
cosine curve on top of the 
sine curve? Can you find 
more than one value? Can 


you shift sine to cosine? Try . . 
be afraid to make “mistakes”. The best students are 
very experimental. Weaker students are too cautious. 


Sotteteteeeeatceteicteiettett O80 88 eee essces 


satatatetete tate teteta tate tete tte tettatstatstetst 8,888,888 8 8000 sees eeseecons 
ease aeons enna sna ac gnasnceciet aie eens EEE Satie ees 
bememeameaeameaereeeeeenepeeepemeemcnaranececa anes nanan nana a onan na cane cee eenen eter eee 


pean tO e806 60 0 ensneno 0 01s 6 sie eerste srs arstetetcte etsietetetets 


oo eSe See STE ecco ded eececeletedecetecedeselececesetetece 
SSeS ecoeececeeteemceceeese eee 


netereres 
seen EEE EEE EEE ES SEE cect aeaaeeeaaaae 
neon enscs ener enersrnrene eles ors srerereetsnetsnstctatsictetetseteteteteietee rows on steno nonenereneveneisne s*arsterereneisrsrorstetatetstetcteteicteteet tne te 





1: SIN (x) 


2: ee) 





OMMAND : Center Delete Help Move Options Plot Quit Scale Ticks Vindow 











Zoom 
Enter option 
ross x:8.9599 :4.9821 Scale x:3.1415 2 Derive 2D-plot 
1: SIN (x) 
2: COS (x) 


3: COS (x - 1) 


4: COS (x - 1.5) 





OMMAND : Center Delete Help Move Options Plot Quit Scale Ticks Window 
Zoon 


Enter option 


ross x:8.9599 :6.9821 | Derive 2D-plot 


try ... guess a lot, don't 
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Se aoe eee sstereceed 


Opportunities: 
keystrokes: D (for Delete), A —eeevw |: ———__—— 
(for All), A, A, type sinx+1, 
Enter, P, P. 


keystrokes: A, A, type 
sinx—1, Enter, P, P. 


Patterns? ... Variations? 
... You try! 


1: SIN (x) # 1 








_— .~—t“‘( een 
OMMAND: 1 Center Delete Help Move Options Plot Quit Scale Ticks Window Zoon 

Enter option : 

ross x:1.6218 gil Scale x:3.1415 gyil Derive 2D-plot 


keystrokes: D (for Delete), A (== rr" 
(for All), A, A, type cosx, 
Enter, P, P. 


keystrokes: A, A, type 
cos(2x), Enter, P, P. 


keystrokes: A, A, type 
cos(3x), Enter, P, P. 


See anything? ... 
patterns? ...ideas?... an 


experiment! You can a: 00S (2 xd 
3: a 





always delete some or all ONMAND: QMTATE Center Delete Help Nove Options Plot Quit Soale Ticks Mindow 
Enter option 


and redo for a clearer look. ross x:1,.@835 yil Scale x:3.1415 yil Derive 2D-plot 
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keystrokes: D (for Delete), —— 
A (for All), A, A, type sinx, 
Enter, P, P. 


keystrokes: A, A, type 2sinx, 
Enter, P, P. 


keystrokes: A, A, type 3sinx, 
Enter, P, P. 


Try some of these ideas 
with tanx (which is sin(x)/ fh: sw cw 
COs(x)) or sec(x) (which is = seated 











1/ Cos(x) ) or cot(x) Or ONMAND: MPTOE Center Delete Help Move Options Plot Quit Scale Ticks Window Zoom 
csc(x). How about looking Croce of th S672 yil Scale x:3.1415 yil a 
at where sin(x) and cos(x) a 


cross? Graph them on the same grid and use the arrow 
keys to locate the marker (+) at the crossing points. 
Make a list of the (x,y) values at the first four crossing 
points and project out these answers in a pattern. Use 
F9 to zoom in for a closer look or F10 to back up for a 
wider view. 


Do sin(x) and tan(x) ever cross? Where? How often? 
etc. Do sin(x) and csc(x) ever cross? cos(x) and sec(x)? 
tan(x) and cot(x)? 


Graph cosx and cos(—x). How many graphs do you see? © 
Try sin(x) and sin(—x) . . . try cos(x) and —cos(x), sin(x) 
and —sin(x). What’s going on here? Patterns or no pat- 
terns? The more you look the more you’ll see. 





What about sin(x) + cos(x) or sin(x) — cos(x) or... ex- 
periment a lot. Where do graphs cross? When do they 
repeat? When do they move up or down? .. . left or 
right? When do they stretch out or shrink? 


setetete! 
eee Aetna ae iea estat ete Me eM ONS ORES SOS SS ORIN 2609 05S D OLS P DL OCGGES OS OREO CHE SbG4 90455 ind ddan eb s00 Ooo de Kd bade ww 
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eee OO OO OREO EEE EEE EE ESSS STEEP TEEPE C CEST ESTEE TTT T ESTEE SCTE TET E TESTE OOOO TONS OOS TATTOO TTT O TT TNO ESTEE EET E COE E ESOS ES 


Two Big Opportunities: 


keystrokes: D (for Delete), —_—_—_—————— 
A (for All), A (for Algebra), A 

(for Author), type sinx, 

Enter, C (for Calculus), 

T (for Taylor), Enter, Enter, 

Enter, S (for Simplify), 

Enter, P (for Plot), S (for 














Scale), hold Del to clear, 
type 1, Tab, hold Del to 1: Sime 
clear, type 1, Enter, P (for : ee ase GO, x, @, 5) 
Plot), and wait until the 3: sgn ‘ oH + x 
graph is done, A (for 4: TAYLOR (SIN (x), x, @, 7) 
Algebra), A (for Author), : - io ie 
type sinx, Enter, P (for Plot), ——— a a = i 
OMMAND: ‘"JPTRS) Center Delete Help Move Options Plot Quit Scale Ticks Window Zoom 
P (for Plot). lia aakins 
pss ML gil Scale xil yil Derive 2D-plot 


This shows a great idea. A 

Taylor Expansion creates an approximation for the 
original function. So, we see that the graph of sin(x) 
seems equal to the graph of x°/120 — x*/6 + x, espe- 
cially around x = 0. 


keystrokes: A (for Algebra), C (for Calculus), T (for Taylor), 
Enter, Enter, type 7, Enter, S (for Simplify), Enter, P, P. 


This gives an even closer result. Look at these three 
graphs superimposed and then tap key F10 once and 
look again. 


Try lots of things here . . . cos(x) or tanx instead of 
sin(x), or e*, or extend to more terms, or center at some 
place other than 0. Try 3 factorial (3!) and simplify ... 
and 4 factorial (4!) ... see anything?...Go...go... 


go. 
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keystrokes: W (for 
Window), C (for Close), 
Enter, R (for Remove), tap 
Home key, Enter, A (for 
Author), type sinx+sin(3x)/ 
3+sin(5x)/5+sin(7x)/7, 
Enter, W (for Window), 

S (for Split), H (for 
Horizontal), tap Del to 
clear, type 16, Enter, 

W (for Window), D (for 
Designate), 2 (for 2D—plot), 
y (for yes), S (for Scale), tap 






Del to clear, hold Alt key OMMAND: “TOT T center Delete ily eee Options Tiot Quit Scale Ticks Window Zoom 
and type P, type /2, Tab, tap poser erties git Scale x:1.5787 y!@.5 Derive 2D-plot 
Del to clear, type 0.5, 





Enter, O (for Options), 
A (for Accuracy), tap Del to clear, type 8, Enter, P (for 
Plot). 


What would this curve look like if it were extended for 
5S more terms? Use F9 to move in for a close look. Try 
sin(x) on top of this and sin(3x)/3 etc. The name of 

J. Willard Gibbs, a famous American physicist of the 
19th century, is connected to this system. There’s a lot 
here to wonder about. 





iii een annaeeamaneeeeanetseAAmesee 
seseiaseiiisesaeseesisssuaasassinnsnnnasanmsanaasaninssnissanned nts a scanner ccncccnnccne aces acnnemnneance 


EEE ETT E TEED TET EET ETAT LARISA I III II RSI II II KI I ie? 
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revareterere erase ose,0,0,0 10 0res00r4 


ne Bip 0 00.010 0.00.0 0.0 010 0 0-010-0.0-010 0.0. 








At times we are expected to solve equations which have 
variables inside of trig functions. Derive can solve 
many such equations by a variety of methods. Suppose 
our equation is sin(x) = 1/2 and we are asked to locate 
numerical value(s) for x that make this open sentence 
true, (or, as many people would say, find value(s) of x 
to “satisfy the equation”). 


One approach always available is to substitute some 
numbers for x to get a “feel” for the situation. 


keystrokes: A (for Author), type sinx=1/2, Enter, M (for 
Manage), S (for Substitute), Enter, type 3, Enter, X (for 
approXimate), Enter. 


Now that we see the result of our first guess, in what direc- 
tion do we go? My usual idea at this point is to ask “too 
big or too small?” Since 0.141120 is smaller than 0.5, 
maybe we need something bigger than 3 for x. If x gets 
bigger, does the sin(x) get bigger? If we don’t know, it’s 
unclear how to proceed. Maybe a graph of sin(x) would 
help. First we set up a graphing window and then graph 
the sine. 


keystrokes: W (for Window), 
S (for Split), V (for Vertical), 
Enter, F1 (to move next 
window), W (for Window), D 
(for Designate), type 2 (for 
2D plot), y (for yes), 

A (for Algebra), A (for 
Author), type sinx, Enter, P 
(for Plot), S (for Scale), tap 
Del to clear, type 2, Tab, tap 
Del to clear, type 2, Enter, P 
(for Plot). 


1: SIN (x? = 


2: SIN (3) = 


I po | 


3: @.141128 = @.5 


AND: Center Delete Help Move Options Plot Quit Scale Ticks Window Zoon 
er option 
pss x:1 








Derive 2D-plot 





yil Scale x:2 y:2 


stetetete! 
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With our graph of the sinx in front of us and the marker 
(+) to locate points, we are in business. Tap the arrow 
keys a few times to see the marker (+) move on the 
screen. Tap PgUp and PgDn for bigger jumps and hold 
the Ctrl key down and tap arrow left and arrow right for 
bigger jumps horizontally. Look at the lower left part of 
your screen to see the x and y readings for where the 
marker (+) is on the screen. 


Move the marker up or down until the y reading is .5 
and then left or right until the marker (+) is on the 

curve. When I do this I get x:2.5937 y:0.5. What do you 
get? Can we have different answers? 


Can we both be correct? 


One way to locate the places on the graph of sin(x) 
where y is 1/2 is by placing a second graph onto the 
field. What graph? y = 1/2. 


metetetes 
OOO 


keystrokes: A (for Algebra), FO 
A (for Author), type 1/2, 
Enter, P (for Plot), P (for 
Plot). 


On my graph, with scale at 
x:1 y:1, I get 3 locations of 
crossing of y = 1/2 and : 
y = Sin(x). Using the arrow }f' (™ °° =a 


keys to move the marker 2: SIN (3) = — 

(+), I get 3 pairs of num- Ee seaccapaae a 

bers for these locations: ; 

(—3.7187, 0.5), (0.5312, SORE SESE BT TT ‘Move Options Plot Quit Scale Ticks Window Zon 


0.5) and (2.6562, 0.5). See Eater ertion os 
what numbers you get. 


Scale x:2 yi2 Derive 2D-plot 
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If I now tap F10 (to back away) and see a wider view of 
the sine curve and y = 1/2, I notice that there are 6 or 7 
points of crossing, depending on what monitor I’m 
using (monochrome graphic monitors show more). 


keystrokes: F10 (to move away). 


If I do F10 again the picture is hard to see but about 
15 or 16 or 17 crossing points appear. In order to see 
the crossing points more clearly, I change the y scale 
to 0.5, giving a vertically exaggerated picture but one 
that serves my purpose. 


Your picture and mine may vary a bit because our 
monitors are different. You can change the scale to 
get the picture you want. 


keystrokes: S (for Scale), tap Del to clear, type 10, Tab, tap Del 
to clear, type 0.5, Enter. 


If we use arrow keys to move on the grid, we can then 
read off each of the values with some decent accuracy 
(hold Ctrl key down and tap arrow left and/or arrow 
right keys for larger jumps). Since sine curves go on 
forever to the right and left, there are an infinite num- 
ber of solutions. There is also a regular pattern to 
where they occur. You may want to try this yourself. 
The graphical means described above can be used for 
all kinds of situations both with trig functions and 
without. Please make yourself a note to use this 
method in many situations until it becomes a habit. It 
produces good results. Besides, no other way makes it 
so clear as to what is really going on. 





How else could sin(x) = 1/2 be solved? Well . . . how 
about a nice simple way? 
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keystrokes: A (for Algebra), A (for 
Author), type solve(sinx=1/2, x), Enter, 
S (for Simplify), Enter, X (for 
approXimate), Enter. 


So Derive just solved it for us. It 
produced three roots, not the 16 
solutions we see on the graphs or 
the infinite number we can see in our minds. 





ee 
Sirs 
Statens 

Siete 


keystrokes: A (for Author), hold down the Alt key and tap P 
(for pi), type /2, Enter, X (for approXimate), Enter. 


This way of measuring x is called radians; 27 radians 
takes us a full trip around a circle. —7/2 to 1/2 is from 
the bottom of the circle, up the right side, to the top of 
the circle. 


With a few changes we can produce a sine curve limited 
to just the part (called the principal value), where De- 
rive’s equation solver will look for a solution. 


keystrokes: F1 (to move to the 
next window), D (for Delete), 








A (for All), A, A, type [x, sinx], J], sin, = 

Enter, P (for Plot), S (for : 

Scale), hold Del to clear,type f°" “"? = a 

1, Tab, hold Del to clear, type {7 S\*128= °° 

1, Enter, P (for Plot), hold Del es 

key down to clear and type : : 

—1.57, Tab, hold Del key down [/®' SI" *= 

to clear and type 1.57, Enter. 7: x= = 

8: x = 8.523598 

This shows the sine curve _ |}. = 
from —T/2 to t/2. We ac- 16: 1.57079 
complished this by using _ [fsjmanp:armanat Gorter belste Wels oor SOIT FIST GT SITIES ee 
the parametric form (that Gross xf23°95 y:@.625 yil Derive 2D-plot 


is, the square brackets 
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Scale x:1 
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notation and giving left and right boundaries to the 
variable). We'll now pick up the straight line by 
parametrics. 


keystrokes: A (for Algebra), A (for Author), type [x, 1/2], 
Enter, P (for Plot), P (for Plot), Enter. 


So we can see there is only one solution in the re- 
stricted domain of the principal value of sine. 


The solution obtained by solving sin(x) = 1/2 algebrai- 
cally was 10/6 or .523598. We can also get the answer 
in degrees. 


keystrokes: A (for Algebra), A (for Author), type 
sin(xdeg) = 1/2, Enter, L (for Solve), Enter. 


1 
SIN (x *) = — 
2 





We see that sin(30 degrees) and sin(pi/6) are the same 
number; it’s like saying 2? and 8... . different names for | 
the same number. 


Let me leave you with a list of Primo Opportunities for 
our further development. 


Primo Opportunities: 
1. Graph sin(x”) and y = 1/2 and look for where they 
cross. Compare these results with the results in the 


main problem of the chapter. 


2. Graph (sin(x))? and y = 1/4 or (sin(x))’ and y = 1/8 
and look for crossing points. Try it algebraically. 
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3. Solve sin(2xdeg) = 1/2 and sin(x) = 1/2... compare 
your results. Try solving sin(2xdeg) = 1 and sin(x) = 1 
and compare. Try sin(9x) = 1 and sinx = 1. What do 
you see? .. . what did you expect? 


4. Get any high school or college algebra book and look 
for problems that include equations involving trig func- 
tions. Try them and compare Derive’s results with the 
book’s. 
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Subtle Situations 


Gradually, over the past three and one-half years of 
using Derive, I have learned that A Mathematical As- 
Sistant is not only powerful, but also subtle. I recom- 
mend this chapter especially for harried reviewers of 
computer programs, who don’t have the opportunity to 
use a program long enough to see what you will see 
here. 


For example, Derive handles the absolute value func- 
tion with great care. 


keystrokes: A (for Author), type absx, Enter, S (for Simplify), 
Enter. 


We see that when we simplify the absolute value of x, 
Derive returns the same expression we put in. We all need 
to realize that this does not necessarily mean that Derive 
cannot deal with the situation. Derive is simply exercis— 
ing appropriate restraint. I’m using x in the default case, 
which is a real number defined from negative infinity to 
positive infinity. 


What if we choose a specific value for x? 


keystrokes: A (for Author), type abs4, Enter, S (for Simplify), 
Enter. 


Here we have a tiny bit of action. The absolute value of 
4 is just plain 4. What about the absolute value of a 
negative number? 





keystrokes: A (for Author), type abs(—7), Enter, S (for 
Simplify), Enter. 


It seems that the absolute value of a number is the posi- 
tive number with the same digits. 
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Now to the subtle part. When we authored absx and 
simplified, Derive returned what we authored in an 
unchanged form. Suppose we Declare x to be positive 
and then simplify absx and then repeat the process with 
x declared to be negative. What will happen? 





keystrokes: D (for Declare), V (for Variable), type x, Enter, P 
(for Positive), arrowup (to highlight absx), S (for Simplify), 
Enter. 


So we see that the absolute value of x is x itself as long 
as X 1S positive. 


What if x is negative? Will Derive simplify abs(x) if x is 
negative? 


keystrokes: D (for Declare), V (for Variable), type x, Enter, R 
(for Real), tap Del key to clear, type —inf, tab 3 times, tap Del 
key to clear, type 0, Enter, arrowup (to highlight absx), S (for 
Simplify), Enter. 


We see that abs(x) is —x if x itself is a negative number. 
People ask how can abs(x) be a negative, namely —x? 
Well, —x is not a negative number if x is a negative 
number. Try the following to see what’s happening. 


keystrokes: Arrowup (to highlight absx), S (for Simplify), 
Enter, M (for Manage), S (for Substitute), Enter, type —3, 
Enter, S (for Simplify), Enter. 


If x is positive then abs(x) is just plain x. BUT if x is 
negative, abs(x) is —x; which says, Take x (which is 
negative) and take the opposite of it. 
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Opportunities: 

1. Find abs(x?) simplified if x is Declared positive. 
2. Find abs(x°) simplified if x is Declared negative. 
3. Find abs(x‘*) simplified if x is Declared positive. 
4. Find abs(x*) simplified if x is Declared negative. 
5. Find abs(x!) simplified if x is Declared positive. 
6. Find abs(x"’) simplified if x is Declared negative. 


Another example of wonderful software design is De- 
rive's handling of inequalities. If 2x < 12 then x < 6. 





keystrokes: A (for Author), type 2x<12, Enter, L (for soLve), (ia: 2x < 12 
— ji: x ¢6 


No problems in sight! But... 


keystrokes: A (for Author), type —2x<12, Enter, L (for soLve), 4 14: -2x< 12 
Enter. : : 874 


Did you notice in the last case that the inequality sign 
changed from < to >? Again, it is a case of handling 
positive and negative values with care. If we generalize 
with k, a real number from negative infinity to positive 
infinity, how will Derive handle kx < 12? 








keystrokes: A (for Author), type kx<12, Enter, L (for soLve), 
Enter, Enter. 





Derive takes no action in solving kx < 12. It seems 
ineffective. 
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Let’s Declare k to be positive and try again. 


keystrokes: D (for Declare), V (for Variable), type k, Enter, 
D, (for Domain), P (for Positive), L (for soLve), Enter, Enter. 


And what if we Declare k to be negative? How will 
Derive react? 


keystrokes: D (for Declare), V (for Variable), type k, Enter, 

R (for Real), tap Del key to clear, type —inf, Tab, Tab, Tab, type 
0, Enter, arrowup (to highlight kx<12), L (for soLve), Enter, 
Enter. 


I believe this is an impressive display of proper use of 
mathematical symbols; a quality which deserves recog- 
nition and praise. 


When I first began to use symbolic algebra programs, I 
was amazed to find that ab was read as a single variable 
and not as the product of two variables a and b. This 
seemed absurd and caused me to wonder about such 
programs. I complained to people more experienced 
than I and they said it had to be this way. People want 
to use a common word as a variable, like force and 
don’t want it to be interpreted as f*o*r*c*e. I saw their 
concern but I wasn’t happy. I often teach people begin- 
ning algebra and I thought this procedure would make 
algebra appear confusing for the naive user. How does 
Derive deal with this situation? Beautifully! 





keystrokes: A (for Author), type (force)‘2, Enter, S (for 
Simplify), Enter. 


In the default case force is seen as f*o*r*c*e so when 
Squared and simplified each letter is a variable and 
squared. This is not what you want for the variable 
force but it is what we want for ab, that is, a*b. 
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keystrokes: A (for Author), type (ab)*2, Enter, S (for 
Simplify), Enter. 


Here are a few examples in the Word Mode: 






keystrokes: A (for Author), type 
force=mass*acceleration, Enter, L (for soLve), Enter, 
hold down the Del Key to clear, type mass, Enter. 






force = mass acceleration 


force 
27: mass = —— 
acceleration 


keystrokes: A (for Author), type (p1 #v1)/tl=(p2*v2)/t2, ae 
Enter, L (for soLve), Enter, tap Del to clear, type t2, 
Enter. 


erovereee] 


p, v and t represent pressure, volume and temperature 
of a gas. 

Many of us expect the cube root of —8 to be —2 since 
(—2)3 = —8. Derive thinks the answer is 1+sqrt(3)i be- 
cause (1+sqrt(3)i)? is —8. Mathematicians say this is the 
"correct solution" because it is the Principal Value in 
the complex plane. We can get the "common sense" 
answer by using Manage-Branch-Real to get the cube 
root of —8 = —2. If your graph of y = x” is less than 
you expect, do Manage-Branch-Real and graph again. 


Here are three very different circumstances in which 
Derive responds with no action (echoes your input): 


1. Request the inverse of a matrix whose determinant is 
zero. In this case Derive is signaling that there is no 
correct answer. 


2. Simplifying sin(2x) with all settings at default. In this 
case Derive is signaling that it cannot do the job; if we 
do Manage-Trig-Expand-Enter-Simplify, we get our 
result. So in this case there is an answer which Derive 
can obtain but we must make adjustments. 
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3. Ask Derive to solve sin(2x)=cos(3x) and we get no 
answer except a message “Memory Full’’. This indi- 
cates that Derive cannot do it and we don't know why 
(it might be a bug). If we do Manage-Trig-Expand- 
Enter-Simplify and then soLve we get our results. 


Another wonderful (but confusing) example of Derive 
sublety is: 


keystrokes: A (for Author), type x‘n, Enter, C (for Calculus), I 
(for Integrate), Enter, Enter, Enter, S (for Simplify), Enter 





This looks familiar but wrong. Why isn't the result of 
the integral x""/n+1? The answer is: we are in trouble if 
n is —1. When n = —1 the simplification of the integral | 
should be In(x). Derive is taking this fact into consider- 
ation and presents one answer which is true in all cases. 


keystrokes: C (for Calculus), L (for Limit), Enter, type n, Enter, 
type -1, Enter, S (for Simplify), Enter 


If we declare n to be positive and simplify the same 
integral we get the usual answer. 


I know of no other symbolic algebra program which 
exhibits this extreme degree of care. Bravo! 
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I’ll start you off on 3D graphs quickly by suggesting 
that we split up our screens into 7 windows: | full 
length window, at the right side of our screen for the 
equations that we’ll graph, and 6 approximately square 
windows in 2 rows of 3 each which will be 3D win- 
dows. What I’ll describe applies particularly to a system 
with EGA or VGA color; you’ll face fewer choices and 
have less pretty results in monochrome or in CGA. 
First, we’ll prepare the conditions for the single win- 
dow. 


keystrokes: W (for Window), D (for Designate), 3 (for 3D— 
plot), O (for Options), D (for Display), G (for Graphics), H (for 
High), E (for EGA), Enter, E (for Enhanced) or, depending on 
your monitor, maybe C (for Color), and then H (for Hide), Y 
(for Yes), O (for Options), C (for Color), P (for Plot), tap Del to 
clear, type 11, Tab, tap Del to clear, type 9, Tab, tap Del to 
clear, type 12, Enter. 


This activity sets up a window the way I want it. We'll 
next split this window into several, all with the same 
characteristics as the first. We will not have to adjust 
each window. 


seserets 
setetete 
seaterete) 


keystrokes: W (for Window), S 
(for Split), V (for Vertical), 
Enter, W (for Window), S (for 
Split), H (for Horizontal), 
Enter, W (for Window), S (for 
Split), V (for Vertical), Enter, 
tap key F1 twice (to move to 
window 3), W, S, V, Enter, tap 
key F1 twice (to move to 
window 5), W, S, V, Enter, W, 
S, H (for Horizontal), Enter, 
tap key F1 twice (to move to 
window 7), W, D (for | 
Designate), A (for Algebra). OMMAND: GDRTOSGE] Center Eye Focal Grids Hide Length Options Plot Quit Window Zoom 
eee 


ente 2 : Length x:18 : Derive 3D-plot 
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Now we have 6 graphing windows and 1 long algebra 
window. We will create similar pictures in each graphing 
window to show some of the different possibilities for 
3D graphing with Derive. Tapping key F1 will move you 
forward through the windows; to move back through 
the same windows, hold 
down Ctrl (or Control) key 
and tap F1. Try it now. 





Next we’ll enter an equa- 
tion to plot, accepting the 
initial conditions of all the 
controlling variables. 





keystrokes: A (for Algebra — if 
you’re not already in the 
Algebra window), A (for 
Author), type z=x*2—y2, 








1: 
Enter, tap key F1 (to move to OMMAND: ‘“DETUVE Center Eye Focal Grids Hide Length Options Plot Quit Window Zoom 
fontew na y:@ Length x:1@ y:1@ Derive 3D-plot 


window 1), P (for Plot). 


We see a 3D plot that is usually called a saddle. For our 
first change we’ll make the grid numbers 6 (instead of 
10, the default case). 


keystrokes: Tap key F1 (to 
move to window 2), G (for 
Grids), tap Del key to clear, 
type 6, Tab, tap Del key to 
clear, type 6, Enter, P (for 
Plot). 


The picture in window 2 
should have 6 strips in each 
of the x and y directions; in 
window 1 there should be 

10 strips in each direction — [Smmmsamamay Gorter tov Foes? Gis Was Dengee IONE Tee tee 

(try to count them). ter aso" Length x:18 Derive 3D-plot 
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Next we’ll go to window 3 and change the location of 
the “Eye” that looks at the 3D graph, thus changing our 
view. In windows 1 and 2, the saddle is viewed from x=20, 
y=15 (the default settings), and z=75 (a position com- 
puted by Derive). In window 3 we’ll look from x=1, 
y=15 and z=75. Before you plot the graph try to imag- 
ine what the saddle will look like. 


keystrokes: tap key F1 (to 
move to window 3), E (for 
Eye), tap Del key to clear, type 
1 (for x), Enter, P (for Plot). 


In window 3, for the first 
time, we can easily count 
the 10 strips in the x direc- 
tion. 


For window 4, we’ll look 
from x=1, y=1 and z=75. 











a a Bee Ge ere 
Imagine the result. Center Eye Focal Grids Hide Length Options Plot Quit Window Zoom 
Enter option 5 
enter x:@ 4:8 Length x:18 y:1@ Derive 3D-plot 


keystrokes: tap key F'1 (to 
move to window 4), E (for 
Eye), tap Del to clear, type 1 
(for x), Tab, tap Del to clear, 
type 1 (for y), Enter, P (for 
Plot). 


In window 4, we can see 
clearly the 10 strips in each 
of the x and y direction. 


ws a 
OMMAND: ‘RETR Center Eye Focal Grids Hide Length Options Plot Quit Window Zoom es 






Enter option 
enter x:@ y:8 Lensth x:18 y:16 





Derive 3D-plot 
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Next, how about a look at the saddle from an end, 

where we can see a bit of the underside? Think of a set 
of Eye coordinates that would do this. Then see 
what I chose. 


RO 
steteten 
Bo 
Soscrars 


keystrokes: F1 (to move to —_— : saa ia, cca (ce 
window 5), E (for Eye), Tab, 
Tap Del to clear, type 1 (for y), 
Tab, tap Del to clear, type 45 
(for z), Enter, P (for Plot). 


For window 6, let's keep all 
conditions the same as win- 
dow 1 but change the col- 
ors. (If you don't have a 
color monitor, experiment 
with a different Eye or Grid 


: : a 
setting.) OMMAND : Center Eye Focal Grids Hide Length Options Plot Quit Window Zoom 
ter option 
nter x:@ y:@ Length x:1@ y:18 Derive 3D-plot 





3 
es 
See 


See 
See 
anctans 


keystrokes: Tap key F1 (to _—<$———____—_SSSSS-S-S==={== : 
move to window 6), O (for 
Options), C (for Color), W 
(for Work), Tab, tap Del to 
clear, type 12, Enter, O (for 
Options), C (for Color), P (for 
Plot), Tab twice, tap Del to | 
clear, type 14 (for axes), Enter, 

P (for Plot). 


Now we can study these 6 
pictures as long as we like; 
move from window to 
window to examine the 
menu items to see the 
differences that create the 
various pictures. 











y:8 Length x:1@ y:1@ Derive 3D-plot 
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sretetere) 


When you are ready, we can try a new equation and 
run it through the 6 windows. 


keystrokes: A (for Algebra), A (for Author), type 

z=x'4* y, Enter, tap F1 (to move to window 1), O (for 
Options), C (for Color), P (for Plot), Tab twice, tap Del to 
clear, type 12 or some other color you'd prefer (for axes), ee 
Enter, P (for Plot). - 


Setetete) 


When you’re ready, tap key Fl to move to a new win- 
dow and then tap P (for Plot). 


se 


Many equations can be tried in this manner (or in ways 
you invent for yourself). Some suggestions are: 
yxy, gey, w=—xy*, z—tanGry)/cos(xy) or... 





COMMAND: "JET! Center Eye Focal Grids Hide Length Options Plot Quit Window Zoom 


Enter option 
Center x:@ y:@ Length x:1@ y:1@ Derive 3D-plot 
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A function like arc sine of xy will generate complex 
numbers for some values of xy. If we plot the imaginary 
part we could get an interesting graph. 





keystrokes: Use the F1 key to 
move to window 6, W (for 
Window), C (for Close), repeat 
3 more times leaving two 3D 
windows and 1 algebra window, 
A (for Algebra), A (for Author), 
type im(asin(xy)), Enter, P (for 
Plot), P (for Plot) 

and wait. Then try re(asin(xy)) 
in the other 3D window. 













a 
zs* y 
IM (ASIN (<x y)) 


One last word of warning: 






















Many 3D graphs look awful eC (COTE 
when tried with default ess —— Center Eye Focal Grids Hide Length Options Plot Quit Window Zoon 
settings a for ex ple, the mter x: 4:8 Length a 4:18 Derive 3D-plot 


rerereses 


cover of this book. Try it . . . sin(xy). I never saw such a 
bad picture! Compare this default picture with the sec- 
ond picture. It's hard to believe they are generated by 

the same expression. 


How do we improve the picture? The 
length is shortened to 27 in the x and y 
direction, the z is shortened to about 2, 
gridlines are changed from 10 to about 20 
(for super resolution, as on the cover, set 
them to 40) and the location of the Eye in 














the z direction is raised to about 8. Also Tm 
the color on the top is changed to 11 (light LITER ff 
blue) and the color on the bottom is \ DTS bff) 






IS NL EBREL RT Ph 
VAY SAL AY 


w SYK KK 







changed to 9 (dark blue). The trade—off in 
changing the settings is that the graph 
takes longer to calculate and appear on 
your screen. 
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Calculus was invented to solve problems that involve 
change. If the world were static, calculus might not have 
been invented. 


Many problems in the world that involve change can 

be reduced to two problems: find the slope of a curve at 
any point, and find the area of a region that is 

bounded by at least one curve. First I will consider the 
slope question. 


If we look at the graph of the curve x”+y7=1 we see a 
circle of radius 1. I'll show you how to find the slope 
at a point, (0.8, 0.6), on this unit circle. 


keystrokes: W (for Window), 
S (for Split), H (for 
Horizontal), Enter, W (for 
Window), D (for Designate), 2 
(for 2D—plot), W (for 
Window), S (for Split), V (for 
Vertical), Enter, A (for 
Algebra), A (for Author), type 
x42+y“2=1, Enter, L (for 
Solve), Enter, tap Del to clear, 
type y, Enter, arrowup (to — 
highlight sqrt(1—x’)), P (for 
Plot), P (for Plot), tap key F1 


(to move to the next window), oe 
OMMAND: “DETRIE) Center Delete Help Move Options Plot Quit Scale Ticks Window Zoon 
P (for Plot). ter option 


ross xil yil Scale x:@.5 y:@.5 Derive 2D-plot 














This gives the top half of 

the circle. (It's not necessary to plot the bottom since the 
point we are aiming for, (0.8, 0.6), is on the top.) I have 
chosen a circle for our demonstration because it has a 
nice sharp bend and we can easily see the difference 
between the curve and the straight line tangents and 
approximations to tangents. 
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To see the tangents to a curve, I have written a little 
function that we will use without explanation of how it 
was created. 


keystrokes: A (for Algebra), 
A (for Author), type f(c,d):= 
—c(1—c’2)4—0.5x+d+c%2 
(1-c’2)4—0.5, Enter, M(for 
Manage), S (for Substitute), 
Enter, Enter,type 0.8, Enter, 
type 0.6, Enter, P (for Plot), 

P (for Plot), wait for the 

graph .. ., PgDn, hold Ctrl key 
down and tap arrowleft, tap ‘ 
key F9 (to move in), C (for eee 
Center), tap key F1 (to move to fj?) *=~ %1-¥? 
the next window), P (for Plot), 





2 2 
1: x48 







2 -@.5 2 2- 
F ¢c, dd) t= -c¢ Ci -c ) xtdte (1i-c ) 










wait for the graph... 5:_ CRETE eee eee ee ee , 
OMMAND: “DPTASE! Center Delete Help Move Options Plot Quit Scale Ticks Window Zoon 
Enter option : 
a ross xil yil Scale x:@.5 y:@.5 Derive 2D-plot 
The pictures show the 


Seletetes 
sfetetete" 


Straight line tangent to the curve at the point (0.8, 0.6). 
Lay a pencil flat on your monitor’s screen so that the 
tangent line is covered up. The slope of this line is the 
Slope of the curve AT THIS POINT. Move your pencil 
around the curve, keeping it tangent, and notice that 
the slope of the line represented by the pencil is chang- 
ing. The slope of the curve is also changing (since its 
Slope is the same as the slope of the tangent). At the top | 
of the circle the tangent line is flat so the slope is 0. On 
the right side of the circle the line slants up to the left so - 
the slope is negative. At the left side of the picture the 
line slants up to the right so the slope is positive. Use 
the F(c,d) function to create lines tangent to the circle. 
C and d represent the x and y values of points on the 
circle; you may want to return to the y = sqrt(1 — x?) 
line so that you can substitute a value for x and let 
Derive calculate the corresponding value for y. 


iniiaianinnniaciniaaccacacae eee EEE acca seretelelololeleleleletetetetetetetete tetas 
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SE oto oto enter 


How do we understand getting the slope at (0.8, 0.6) of 
the circle? We’ll get the slope of straight lines that inter- 
sect the circle at (0, 1) and (0.8, 0.6) and (0.6, 0.8) and 
(0.8, 0.6) to show a trend toward the one we want. 
We’ll do this graphically and then numerically. Again, 
I’ll introduce a function, without explanation, that will 
draw the lines we want. 


keystrokes: A (for Algebra), A (for Author), type 
line(g,h,i,j):=(h—j)/(g—i)x+h—(h—j)/(g—)g, Enter, 





6: LINE (g, h, 





This function, when plotted, creates a line connecting 
the points(g, h) and (i, j). We’re interested in lines that 
connect (0.8, 0.6) and some other point, so we’ll make 
that substitution right away. 


keystrokes: M (for Manage), S (for Substitute), Enter, Enter, 
type 0.8, Enter, type 0.6, Enter, Enter, Enter. 


a LINE (@.8, @.6, 1, J) <= 


We are now free to concentrate on what our second 
point will be. I suggest (O, 1) to start. 





Sesesedeecegecececececesecesetecececetetececesecesesececeececececeece ee sece eee ede ecient eee eee eee ededeeceede ceed eceteecetececaededetecedec edad obec ececececesscesecedecetetede aces eesearaeasseseaeseaeseaeseararaeaeaeascat tari tarietaataetatitatiatatatetetatteteteateoteretetenetereteretoretenen 
Saaratatatatetetetecereretetetetonetetetececoceroreresesoseaestetetetetetetetatetetetenatetetetetstetstetetstorstetstetetstatetstetatststetstanatete stststseecet sere eeertercesers creases reese srs aeae ss serene se srsartienaienreseeaersetrsnsrentisressrereiecsnssscssarerersesuseesssecssssccesensssaceeseewecoseeased) 
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keystroke: M (for Manage), 
S (for Substitute), Enter, 
Enter, type 0, Enter, type 1, 
Enter, P (for Plot), P (for 
Plot). 





We see the line connecting 
(O, 1) on the circle and © 9. Be - 0 -¥ 5 eee ea 
(3.3, 0.6) on the circle. THe &, scans sci js - cen 08S acs a 
Slope of this line can be 6: MINE Gg, hy i, = TS xe n- 24g 

thought of as an approxi- a 
mation to the slope of the Sa ec 
tangents to the curve at 

(0.8, 0.6). By choosing 
points closer to (0.8, 0.6) we 
can get a better approximation. Try it yourself. Find 
points on the circle that get closer to the target of (0.8, 
0.6), substitute those numbers into the line function, 
and plot. 








LINE (8.8, 6.6, a5 J? = 








OMMAND: “IETTE Center Delete Help Move Options Plot Quit Scale Ticks Window Zoon 
Enter option 
x: 


1 yil 








Scale x:8.5 y:@.5 Derive 2D-plot 


I'll find two numbers for (i, j) that are very close to 
(0.8, 0.6) and use my line function to plot a graph. 








keystrokes: A (for Algebra), arrowup (to highlight 
y=sqrt(1—x’)), M (for Manage), S (for Substitute), Enter, type 
0.7 (a number close to 0.8), Enter, Enter, X (for approXimate), 
Enter. | 





2 
Vil - x > 






a 
Wl - @.7 > 









When x is 0.7, a corresponding y value ON THE 2 
CIRCLE is 0.714. We’ll now substitute these two values 
for i and j in the LINE function, and plot. 
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keystrokes: Arrowup (to 
highlight LINE(0.8,0.6,i,j):= 
etc.), M(for Manage), S (for 
Substitute), Enter, type 0.7, 
Enter, typ e 0.714, Enter, 

P (for Plot), P (for Plot), wait 
for the graph ..., tap key F1, 
P (for Plot). 


@.6-1 


LINE (@.8, @.6, @, 1) := o0. 08 x + 6.6 - 


Notice how similar the last 
plot, which is simply a line 
connecting two points on 
the circle (no calculus), is : ee ene ee 
to the tangent line at a man: UPI Pose sGnef ty rranster Expand Factor Help Jump solve Manage Options Plot 
single point, nearby, that Sub(7) Free: 83% Insert Derive Algebr. 
was created by calculus. 


The new idea (calculus) grows out of the old idea. 


2 
y= {f1 - x > 


2 
: g = (1 - 6.7 D 





How can we see the numerical value of the slope of the 
tangent line at (0.8, 0.6)? First, we’ll define the slope as 
the change in y value divided by the corresponding 
change in the x value. Since the line whose slope we 
want is from (x, y) on the circle to (0.8, 0.6) also on the 
circle, the slope is: 


sretetere} 
eieteteres 
rete. 


keystrokes: A (for Algebra), A (for Author), type 
slope:=(sqrt(1—x*2)—0.6)/(x—0.8), Enter, M (for 
Manage), S (for Substitute), Enter, type 0, Enter, X (for 
approXimate), Enter. 

SLOPE := 
We can now calculate the value of the slope at 
a variety of points, moving closer and closer to :  SUEB 
our target spot of (0.8, 0.6), using the vector 
command. 
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keystrokes: A(for Author), type vector((sqrt(1—x*2)-0.6)/ 
(x—0.8),x,0,0.6,0.1), Enter, X (for approXimate), Enter. 


a 
ai - x ) = 4%.6 
VECTOR |———__——_—__, x, @, @.6, @.1 


x - 6.8 





keystrokes: A(for Author), type vector((sqrt(1—x‘*2)—0.6)/ 
(x—0.8),x,0.7,0.76,0.01), Enter, X (for approXimate), Enter. 





2 
W(l - x) - @.6 

18: VECTOR |——————.  .._. 

x - 6.8 


19: [-1.14142, -1.15779, -1.17467, -1.1921@, -1.21@11, -1.22875, -1.24807] 


2 xs 6.7, @.76, 0.01 










keystrokes: A(for Author), type vector((sqrt(1—x*2)-0.6)/ 
(x—0.8),x,0.7999,0.79996,0.00001), Enter, O (for Options), 

P (for Precision),Tab, tap Del to clear, type 12, Enter, X (for 
approXimate), Enter. 







2 
Wl - x) - 6.6 
26: VECTOR |——————“—____ 
x - 6.8 


a1: eee eB 15 3 coop ee cSas pect G414146 —j. ie ra = oF: Fs Feeds sii 












» xX, @.7999, 6.79996, 0. 02001 | 





oetees 
sees 
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To calculate the slope a bit more directly we’ll use De- 
rive’s ability with limits. We’ll find the limit of the slope 
expression as the variable approaches 0.8. 


keystrokes: A (for Author), type (sqrt(1—x42)—0.6)/(x-0.8), 2 
Enter, C (for Calculus), L (for Limit), Enter, Enter, tap Del te a ee 
to clear, type 0.8, Tab, B (for Below), Enter, S (for Simplify), x - 6.8 


Enter, X (f Xi Enter. 2 
nter, X (for approXimate), Enter W1l- x) - @6 


lim 
x78,8- : ee 6.8 


“2 
z= 


23: —1.33333333333 


as: 
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Or we can simply do the calculus directly. 


keystrokes: A (for Author), type sqrt(1—x*2), Enter, C (for 
Calculus), D (for Differentiate), Enter, Enter, Enter, S (for 
Simplify), Enter, M (for Manage), S (for Substitute), Enter, type 
0.8, Enter, S (for Simplify), Enter, X (for approXimate), Enter. 





Usually, learning the integral calculus begins with a 
basic development of area via limits. Instead, I’d like to 
explore some intuitively attractive ideas using Derive’s 
integrating capabilities. 


What is the area enclosed by a sine curve and the x axis 


between O and 7t? Let’s look at the graph: -1. 33333333333 


keystrokes: A (for Author), type y = sinx, Enter, W (for Window), S 
(for Split), V (for Vertical), Enter, tap key F1( to move to the next 
window), W (for Window), D (for Designate), type 2 (for 2D-plot), y 
(for yes), P (for Plot), hold down the Control key and tap arrowright 
twice, C (for Center). 


We know that a sine curve rises to a height of 1 and we 
are measuring the area across a distance of 7. Make an 
estimate and then we'll S 
compute the actual area eee 
using calculus. 


keystrokes: A (for Algebra), 
arrowright twice (to highlight 
sinx), C (for Calculus), I (for 
Integrate), Enter, Enter, type 
0, Tab, hold down the Alt key 
and type p (for =), Enter, S 
(for Simplify), Enter. 


L: y = SIN (x) 
W 


If the area bounded by a es ae ee 
s * 8 

gine curve apc (CK GKIS? ty we Sa 

from 0 to 7 is 2, what will [or GRAB Beis Coleus Peclee nubs dindow appros Tun” Fouts Manage Options Piet 


ompute tink: @.1 seconds E 
Simp (2) Free :96% Derive Algebr. 
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2*sin(x)? 3*sin(x)? b*sin(x)? What is the area bounded 
by a sine curve and the x axis from 0 to 22? From 7 to 
21? 


Try the same kinds of questions on cosine curves. Be 
sure to look at the appropriate graphs so you can give 
your intuition a chance. Try calculating the area of 
sin(x) from 7 to 0. What do you expect? Try it! 





Let’s try another pattern. If we graph y=x and look at 
the area enclosed by that line and the x and y axes we 
See a nice isosceles triangle. One height is 1 and the 
corresponding base is 1, so the area of the triangle is 
1/2. 








keystrokes: A (for Author), 
type y=x, Enter, P (for Plot), 
D (for Delete), A (for All), P 
(for Plot), wait for the graph 
to finish, with the arrow keys 
move the marker(+) to the 
point (1,1), C (for Center), 


Ls y = SIN (x) 


tap key F9 (to move in so that x 
the Scale is 0.5, 0.5), tap key a J g SIN Go ax 
F1 (to move to the next 3: 2 

4: y x 


window), arrowright twice (to 
highlight x), C (for Calculus), ffs: J. x a 

I (for Integrate), Enter, = 

Enter, type 0, Tab, type 1, Bulla, Calgufus,Pecipre Bxpang Vystor Walp Suny solve Nantoe Options Piet 
Enter, S (for Simplify), Enter. Compute tine: C—O ‘gaat a ae 








We see that the area is 

1/2, which we knew without calculus. Try the same 
Sequence but with the function y=x”. Make the graph 
and guess what the area will be, again from 0 to 1. Try 
it for y=x°. Any pattern? Try y=x°. If Derive echoes 
back your request, it may be doing something subtle. 
Would the value of b ever cause a problem? Define 


viaandccacceanccencaeesaensaeesasec eee EE LEE EEE EEE EEE lio ie ennaaasaesagaasaasaassaasasassansaapasansasnsnsases BE 
nienaaiaeininniaanaeaamaamannannnanacnansaesccsscemsesencesccecceececceceecc EE TTEEEEEEEEEE ESSE SESS SSSES ES SSS E EEE SSS SSESSESSES ES EELS iio ie cnsenssasussassatnae 
incnasniennnennnnasamanamaaananennemenassaatentat nee aeaat nanan sini cseoneansedsaeeecennneneee nega TEES SESS Dg DoS SSE SSIES S/S SEE SEES SESS ESS SESS ES 


Calculus 
Chapter 14 


Sea EE NET ETON SESE SSE ES SSS EEE SS SSE SESS SS SSS SS SSE SSS SS SSS SSS SSE SS SS SSSSSSSS SSS SSS SISSIES SSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSS SSSI SS SESS SISSIES 
SSS eee eee eee 
ereereecereieceiiccerecerarsetattetste eae ee eee eee eee ees ee ee ee eee eS e SSS S SSS TOSSES SSS STOO Te recerereleieaeatetatatetetehcteetetete ees eeets eae eaters eee eee eee ee eS CSTE SOC T TSS SSS eee "area sense sae ses e eeree 


variable b to be positive and then try the integration a 
second time. You might then try to find a generalization 
by integrating nx® from 0 to 1. Take a guess at the re- 
sult. 


Each of the areas above has been calculated from one 

finite location to another. People have tried to calcu— 

late areas across infinite distances (and sometimes have 

produced finite answers). If we graph y=1/x and just 

look at the right branch of the curve we may ask our- 

selves what is the area enclosed by y=1/x from x=1 to 
=infinity? 


keystrokes: A (for Author), type y=1/x, Enter, P (for Plot), D 
(for Delete), A (for All), P (for Plot). 


Picture a vertical wall at x =1 as the left side of our 
region and the x axis as the floor and the curve as the 
top. What is the area enclosed from 1 to 10? 100? 
1000? to infinity? 











keystrokes: A (for Algebra) ((—>=snoo °°» ———————————— 
A (for Author), type 1/x, f " 
Enter, C (for Calculus), I (for }/* °°°" — 
Integrate), Enter, Enter,type |], . 
1, Tab, type 10, Enter, S (for 1 
Simplify), Enter, X (for ss J > 
approXimate), Enter. 6: — 
1 
° tT: =— 
Try this same sequence oS 
with the other limits. Se 
Look at the curve and try ]f,, | oo 
to guess the results. Type |]. = 
inf for infinity. i: _umtuats 
Denne: END Dolla Col tYAT messes SARS" HaSee Syste "ome *eUre Menace Ortions Piet 
Sa ———— Free: 96% Derive Algebr. 
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Try this same sequence with the expression 1/x2, and 1/x3 
and 1/x*. Keep guessing the result. Try using 1/x® as the 
expression. If Derive echoes then define b to be real 
and bigger than 1 and then integrate again. 


If you continue to experiment with area you will raise 
many interesting questions and even answer a few. 
Have fun! 
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Using Derive to Teach Math 


One of my reasons for thinking that Derive is a wonder- 
ful aid for teaching is that it is very powerful. Derive 
runs on small inexpensive computers and also on high— 
powered expensive machines. A modest investment 
will allow people to carry on wonderful investigations. 


Because of the easy—to—use Derive interface it's pos- 
sible for a wide range of students to use exactly the 
same program. Wouldn’t it be nice if a student could 
start using a program in the 3rd grade and still be using 
that program in a productive manner 10 years later? 
What a benefit to not have to learn a new system every 
year or two but rather to learn new content with the 
help of the same program! 


Another feature of Derive is that it does nothing unless 
the user puts in a problem to work on. It’s like a ham- 
mer... a tool that needs direction. It is not a complete 
system of teaching math. For serious benefits to occur, 
some good teaching is needed. I believe that many 
teachers will find Derive to be a useful tool to have 
available for themselves and their students. 


How I’ve used Derive with first and second graders: 


Press A (for Author), type 2x+3x and press Enter. 
Good, good. 


Do you know how much 2x and 3x is? Suppose 2 gorillas 
lived in your house and 3 more moved in? How many 
gorillas? So, 2x+3x would be... yes, 5x. 


Let’s have the machine do it and see what it gets. Type 
S for Simplify and tap the Enter key. OK, so 2x and 3x 
is 5x. 


accent eee eee eee eee eee eee ae eee ee 
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How about 4x+2x? Yes, you could subtract .. . Try it! 
Sure, whatever numbers you like . . . try 3y+5y or 
12g—9g or 2p+3p+4p or 100k+200k—100k+200k or 
1+24+3+4+5+6 or... 


Don’t worry about the beep. It means you’ve done 
something awful and the whole world will end soon as 
a result, including your brother. 


Ask Marie when you have trouble. Ask Shaun if you 
have trouble (Shaun is a few years older and a few 
hours ahead on Derive). 


How I’ve used Derive with first year calculus students. 


Derive will do many of the problems you’ll face in the 
next few years in math and in physics and engineering. 
However, you may not learn anything from the experi- 
ence except how to type or which command to use in 
what situation. Also, Derive will be of less help with 
word problems than with anything else and since every- 
one has trouble with word problems we’ll have to watch 
for that. 


A lot of ideas of calculus connect to limits, such as, what 
happens to x? if x gets close to 3? What do you think? 
What happens to x? if x gets close to 3? . . . sure, x? gets 
close to 9. Would it matter if we approached 3 from be— 
low or above? . . . would x? still approach 9? Right! 


Let’s see if Derive can do this same problem. Tap A (for 
Author), type x” and tap Enter. Good . . . good. Look 

at the menu .. . notice the capital letter in each word? 
Tap C (for Calculus), L (for Limits), Enter and Enter, 
which means you accept what it indicates. Use the Tab 
key to move across the choices . . . yes, choose Above 
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(A) or Below (B), Enter and then S (for Simplify). 
Derive sees the limit as 9, just as you did. 


Try n/(n+1) as n gets bigger and bigger . . . see any pat- 
tern to the results? We could substitute 10 for x and cal- 
culate and then 100 and then 1000. Use M (for 
Manage), S (for Substitute) and X for approXimate 
which turns numbers into decimals. See any trend? 


Let’s graph y = n/(n+1) and look for a trend visually. 
If the visual trend and the numerical trend point in the 
same direction you’ll probably be right, at least for a 
while. 


Try (1+1/n)" as n gets bigger and bigger. Use the same 
techniques as above. You have to see the problem 
clearly, (1+1/5)° or (1+1/100)'™. Can you predict a 
result? Guess!! You can always fall back on Derive for 
correct answers (or a book or a friend or a teacher). If 
you don’t guess and make mistakes you may only be 
learning how to type. 


How I’ve used Derive with first year algebra students: 


Do you have a lot of homework? Is it a real pain? 
What’s it called? . . . ooh, factoring. Let me show you 
how this computer program can do the problems for 
you. Do you think you could do those factoring prob- 
lems without the program? No? Let’s see if we can look 
at this first problem and answer and see if there is a 
pattern that would allow us to do the problem without 
the computer. 
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How I’ve used Derive with 5th graders: 


Do you know what 1*1 is? OK, what about 11*11? 
Very good! How about 111*111? No? Let’s see if De- 
rive can help. 


a and b represent numbers. Do you know what a*a*a 
is? No? Try it on Derive and see. And also try 
a*b*c¥d*a*b*c*d*a. OK? Let me know what happens. 
Ask Usama if you need help. Or Tim (you know how 
much he likes to teach). 


What are the general uses of Derive in teaching math? 


1. To check your answer to a problem that you have 
solved without Derive. 


2. To explore patterns — to allow the student to make 
generalizations from many instances, more than they 
could generate without some help. 


3. To solve math problems and establish a pattern of 
SUCCESS. 


4. To start content earlier than usual so that students 
have lots of time to chew over the ideas and are not 
rushed. 


5. To record students’ work. Derive’s memory allows 
me, the teacher, to look at work generated and to think 
about what was happening. These records are also good 
reading for the students themselves, for their parents, 
and for other students as a source of ideas and inspira- 
tion. 
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Many changes have ocurred in Derive in the two and 
one-half years since the second edition of this book, 
I’ve shown some new features in the earlier chapters 
and in this last chapter ll show some more. 


@ Plot will now “distribute” over a list. 


keystrokes: A (for 
Author), type [x42, x*2 
—1, x42—2], Enter, W (for 
Window), S (for Split), V 
(for Vertical), Enter, F1 (to 
switch screens), W (for 
Window), D (for 
Designate), 2 (for 2D— 
Plot), Y (for Yes), P. 


@ The vector com— 
mand will make 
lists for us: 






2:2 2 
i. « «<i,s -2 
2 
VECTOR (x - b, b, @, 2) 


[.* eR Rese Se a 


keystrokes: A (for OMMAND: Build Calculus Declare Expand Factor He 
emove Simplify Transfer moVe Window appr 


Algebra), A (for Author), 
type vector(x‘2-b, b, 0, 2), 
Enter, S (for Simplify), Enter. 


1 
ompute tine: 6.8 seconds 
imp(2) 





Files have been reorganized in Derive version 2.50 (a 


list is in Appendix C). One of my favorite files is 


Dif_apps.mth which I'll load now (I'll hit Esc key im- 
mediately after line 8 appears, which has the function I 


want). 


keystrokes: T (for Transfer), L (for Load), D (for Derive), type 


dif_apps.mth, Enter, type y (for yes), after line 8 appears, hit the 


Esc key. 


eee Lele lelelelelelene eel DODO LOIS IEEE IESE IIS S: 


Se 


ly Jump soLve Manage Options Plot 


Derive Algebrz 
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We’ ll now define a 
function, make its 
graph, use the 
tangent_line function to 
generate an expression 
for the tangent to the 
curve at a specific point, 
and plot this graph. 


keystrokes: A(for Author), 
type y:=x 42, Enter, 
arrowup to highlight the 
line with tangent _line(y, x, 
x0):= and the rest, 
arrowleft to highlight the 
left side, A(for Author), tap 
key F3 to copy, Enter, M 
(for Manage), S (for 
Substitute), Enter three 
times, tap Del once, type 1, 
Enter, S (for Simplify), 
Enter, arrowup to highlight 
y:=x42, W (for Window), S 
(for Split), V (for Vertical), 
Enter, F1, W, D, 2, Y, P, A 
(for Algebra), arrowdown 
to highlight 2x—1, P , P. 


pctiusiasnaasuniaseamnmnnnanantnnmata assassin ncnaaeaummEtEeteamuastsseennes 


weememeeaeeesiapemnnmra ermmcecenen nanan annonce nance esis eesti ee 


nae tasantatctstatatsnaen tet ctet eens eer eee ee Tene LOOP I YOO 8000089 8000 ecesencseccees 











: “File DIF_LAPPS.MTH, copyright (c) 1998 bu Soft Warehouse, Inc." 

: LINE (x@, y@, di, x) := yO + dl (x - x@) 

: CIRCLE (v@, r, «) := LELEMENT (v@, 1) + r COS (a), ELEMENT (v8, 2) + r SIN (a)] 
d2 


2 3/2 
(1 + di > 








CURVATURE_AUX (di, d2) := 





2 
CURVATURE (y, x) != CURVATURE_AUX E u, El 4] 





2 
[-di, 1] (1 + di ) 
d2 





CENTER_OF_CURVATURE_AUX (v, di, d2) := y + 





d 2 
CENTER_OF_CURVATURE (y, x) := CENTER_OF_CURVATURE_AUX [tx, Ww EI 4] 





TANGENT (y, x, x@) ‘= LINE Ee co ae = y, 4 
> Saw 4 ee 8 ax 


















nd Factor He 
Window appr 


Free : 100% Derive Algebr: 


: gate Build Calculus Declare Ex 


a lp Jump soLve Manage tions Plot 
nove Simplify Transfer po ox . -_— 








LINE (x@, u@, di, x) := u@ + dl (x - x 
3: CIRCLE (v@, r, «) := CELEMENT (v@, 1) 
d2 
CURVATURE_AUX (di, d2) := 


4: 2 3/ 
(1 + di ) 







CURVATURE (y, x) := CURVATURE_AUX E 






CENTER_OF_CURVATURE_AUX (v, di, d2) : 





CENTER_OF_CURVATURE (y, x) := CENTER_O 





TANGENT (y, x, x@) := LINE |x@, lin y 
x7>x@ 








yi=x 
18: TANGENT (y, x, x@) 
TANGENT (y, x, 1) 








Window Zoon 






Derive 2D-plot 
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We have the graph of a function and the graph of the 
tangent to that function at a specific location on its 
graph. 


The fun is only beginning. We can change the func- 
tion, and tangent(y, x, xO) will produce the tangent to 
this new function. 


If two expressions are on a list, Derive thinks we 
want a parametric graph; by plotting ? as the third 
element we will get what we want. 


keystrokes: A (for Algebra), A (for Author), type y:=sinx, 
Enter, A (for Author), type [y, tangent(y, x, 1), ?], Enter, S (for 
Simplify), Enter, P, D, A, P. 


A wonderful idea from Carl Leinbach's book 
"Calculus Laboratories Using Derive" shows us the 
use of the if-then-else, structure along with 2-D plot- 
ting. 





keystrokes: A (for Author), 
type y(x):=sinx, Enter, A 
(for Author), type y(x), 
Enter, C (for Calculus), D 
(for Differentiate), Enter, 
Enter, Enter, A (for 
Author), type if(, F3 (to 
copy), type >9, y(x), ?), 
Enter, P (for Plot), D (for 
Delete), A (for All), P (for 


Plot). 1: ¥ Gx) t= SIN (x) 
: ; Y <x) 
More is possible! How 


about a list of expres- 
sions that are tangents : [A PrehRceaL Die aaa 
to acurve, all plotted at 
the same time in the 
same window? 


d 
— ¥ (x) 
dx 


Enter option 
ross xX:1. 
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keystrokes: A, A, type 





y:=x 2, Enter, A, type 

vector(tangent(y, x, 

a), a, —2, 2, .1), Enter, 

X (for approX), Enter, F1, 

W, C, Enter, W, S, H, type : ie 

26, Enter, W, D, 2, Y, P. NE 

SNR 
; | ; ROR 

I love this graph. We XR 


OR 


can see the parabola 


just from the tangents; 
the curve itself is not ; 
plotted. Many possibil- fj 4 ‘=* 










: 2: VECTOR (TANGENT (y, x, a), a, -2, 2, @.1) 

ites here. Throw the 3: , alec secant lg a 
book down and make OMMAND: IPE Center Delete Help Move Options. Plot Quit Scale Ticks Window Zoom 

up lots of your own Cross eet" si Scale x:1 Derive 2D-plot 


mearaee?, 


examples. Send me your 
favorites. (Use the electronic bulletin board! See the 
Foreword.) 


Nice designs are pos- 
sible with polar graphs. 


keystrokes: A, A, type 
r=sin(5/6x), Enter, P, D, A, 
O (for Option), T (for 
Type), P (for Polar) P, hold 
Del to clear, type 0, Tab, 
hold Del to clear, type 12, 
hold down the Alt key and 
tap P (for p), Enter. 


Change your tick num- 
bers if the circles don't 


look round. Experiment! : 











eet, eg 
= *] 
COMMAND: “SIEELTE Center Delete Help Move Options Plot Quit Scale Ticks Window Zoom 


Enter option 
ross r:1,4142 






6:8.7853 Scale x:8.5 y:8.5 Derive 2D-plot 
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In the past three years we've seen more ways to use the 
function notation built into Derive. I offer the following 
development as an opening to finite differences. 


keystrokes: A (for Algebra), A (for Author), type f(x):=3x‘2, 4 
Enter, A (for Author), type vector([x, f(x)], x, 5), Enter, S (for 20: F (x) i=3x 
Simplify), Enter. A390: VECTOR (Ix, F (x)], x, 5) 


This gives us a table of values for f(x) = 3x’. I’d like to 
look at the differences of the f(x)’s, calculate them, and 
record them for easy viewing. 





keystrokes: A (for Author), type vector([x, f(x), as 
f(x+1)—f(x)], x, 5), Enter, S (for Simplify), Enter. 
Now the numbers in our third column are the 
differences of the values in the second column. 
Next I’d like the differences in this third col- 
umn as my fourth column. An easy way of 
deciding what’s needed is to do the third column sym- 
bolically. I’ll name a new function g and not declare a 
value for g, and do the differences symbolically. 





Se 
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keystrokes: A (for Author), type g(x):=, 


Enter, A (for Author), type vector([x, f(x), = 


VECTOR (x, F (x), F (x + 1) - F &), G (xe + 1) - G &)], x, 3D 





f(x+1)-f(x), g(x+1)—g(x)], x, 5), Enter, S (for eer ees 
Simplify), Enter. G4) - 6 

ae Gea te eesi Pia © 

G (6). - GG (3) 

Now I can see the fourth column as a = 


2g 


symbolic version of the third column. To create my next | 
difference I’ll take G(3)—G(2) . . . the second value in 
the fourth column and subtract (G(2)—G(1)) from it; 
this produces G(3)—2G(2)+G(1). This tells me what I 
need for the fourth column: F(x+2)—2F(x+1)+F(1). 


sretetete 
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keystrokes: A (for Author), 
type vector([x, f(x), f(x+1)— 
f(x), f(x+2)— 2f(x+1)+f(x)], x, 
5), Enter, S (for Simplify), 
Enter. 


VECTOR (Ix, F (x), F (x + 1) - F (x), F (x + 2) -2 F (x + 1) + F (x1, x, 5) 









There must be many other and probably better ways to 
do this .. . do it. 


Now define a function f(x): = ax? + bx + c and run the 
last line of code again and see the lovely result. 


We are all warned in the Derive manual, on page 120, 
that if singularities (blow—ups) occur in an interval, 
then the integration across this interval may produce 
incorrect answers. The user is responsible for locating 
singularities and working around them. The classic 
example given involves the integral of 1/x? from —1 to 
1. The answer demonstrated here will be wrong; after 
we see this we’ll break into two integrals and get it 
right. 


keystrokes: A (for Author), type int(1/x‘2, x, —1, 1), Enter, S 
(for Simplify), Enter. 


To get the correct answer: 


keystrokes: A (for Author), arrowup, tap key F3 (to copy the 
highlighted expression), hold down the Ctrl key and tap S three 
times, tap Del to clear, type 0, hold down the Ctrl key and tap 
D, type +, tap F3, hold Ctrl and-tap S six times, Del, type 0, 
Enter, S (for Simplify), Enter. 


I understand the situation with singularities described 
above. The following example produces an exact an- 
swer, although we integrate right across the blow—up at 
x=1:; 
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keystrokes: A (for Author), type int(1/(x—1)*(2/3), x, 0, 3), 
Enter, S (for Simplify), Enter. 


This produces an unpleasant answer with complex 
number f in it so we fix it: 


keystrokes: Arrowup, M (for Manage), B (for Branch), R (for 
Real), S (for Simplify), Enter. 


Derive is quite useful with vectors and matrices. A 
vector, written as [x, 2x], can be plotted and multiplied 
by a2 by 2 matrix, and the resulting vector can be plot- 
ted. If we want to see the result of more than one multi- 
plication by the matrix we can simply raise the matrix 
to a power and then multiply the vector; the result is 
equivalent to a succession of operations by the matrix 
on the vector and its results. 


keystrokes: A (for Author), type m:=[[0,—1], [1,0]], Enter, A s 

(for Author), type v:=[2x, x], Enter, W (for Window), S (for / = [ 8 -1 ] 
Split), V (for Vertical), Enter, F1, W, D, 2, Y, P, hold Del to «8 
clear, type 0, Tab, Del to clear, type 1, Enter. : ‘= [2 x, x] 


We see a graph of the vector (2, 1). Now we’ll multiply 
by m (using a decimal point for matrix multiplication) 
and plot the result and then m?.v or m.(m.v) and plot 
the results. 


keystrokes: A (for Algebra), A (for Author), type m.v, Enter, S 
(for Simplify), Enter, P, P, Enter. 


Try m*.v and m?.v and so on and see geometrically 
what results. 
A function called Eigenvalues, applied to the m we 
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have just explored, produces f and -7. If a complex num- 
ber is multiplied by 7, the resulting complex number, 
when plotted, is at right angles to the plot of the first 
number. Multiplying by 7 produces a 90 degree rotation 
... the same result as multiplying a vector by the matrix 
m. Lots of connections here! Try plotting different 
vectors and multiplying each by the matrix [[1, —4], 

[—1, 1]]. Plot the original vector and the vector that 
results from the matrix multiplication. Can you get the 
resulting vector to go in the same or exactly opposite 
direction from the original? Read about eigenvalues 
and eigenvectors in a book on linear algebra. 


Much interest is generated these days by looking at 
graphs of simple expressions and then looking at recur- 
sions of these same expressions. 


keystrokes: A (for Algebra), A (for Author), 
type f(x):=cosx, Enter, P, D, A, P, A, A, type 
f(f(x)), Enter, P, P. 


Guess what graph the next level, 
f(f(f(x))), will produce. Define g(x) to 
be 3.7 x (1—x) and plot and then 
g(g(x)) and so on. What patterns do 
you begin to see? Predict! Change the 
3.7 and see the effect. 





Beginning with version 2.51 it is possible to generate char- 
acters quite a bit smaller than in previous versions. This is a 
wonderful feature if you have large matrices or equations 
with a large number of roots; any situation where you need 
to see many symbols on the screen at one time. A VGA 
monitor is necessary for this effect. The following key- 
strokes and picture will give you the idea. 
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keystrokes: O (for Options), D (for Display), G (for Graphics), 
H (for High), S (for Small), E (for Extended), V (for VGA), 


Enter, A (for Author), type vector(vector(random(8), n, 24), m, 


27), Enter, S (for S 





fy), Enter. 
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are buried in parentheses. The amazing fact is that 
Derive reads each of these piles of symbols in quotes as 
a variable and all of Derive’s capabilities will act on 
them. We can solve and simplify and expand and factor 
and plot and substitute as before. I’m sure this idea will 
be very helpful for many people. The following crude 
example gives you the idea. 





Keystrokes: A (for Author), type “[A=]” =((“{H2A]” 
“k1’’) / “(H+]”) / “[H+]” “k2”, Enter, L (for soLve), 
Enter, tap Del to clear, type "k1", Enter. 







a8 CH2A]" "hi" 
as CH+ 5 kg 






Many demo files and utility files exist in Taos ee ge 
Derive; they are all listed in Appendix C. I’d a 
strongly recommend that you view these files. 
They are amazing and useful. 


As this third edition is completed, it is July 27th, 1992. 
In just three and one-half years Derive has become 
widely known across the world. We receive orders 
every week from most countries in Europe, all across 
the U.S., Canada, Australia and New Zealand, Japan, 
Singapore, and Hong Kong. We have received many 
words of encouragement from teachers and researchers, 
from students and professors, from engineers and scien- 
tists. I hope we all continue on this great adventure. 
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Line Editing Commands 


While authoring an expression, the text can be 
edited using the following line edit commands: 


Cursor movement commands: 


Cui S move left a character 
Ctrl D move right a character 
Ctrl A move left a word 

Ctrl F move right a word 

Cri QS move to left end of line 
Ctrl QD move to right end of line 


Text deletion commands: 


Ctrl H Backspace delete char left of cursor 

Ctrl G Del delete char at the cursor 

Ctrl T delete word beginning at 
cursor 

Ctrl Y delete whole line 

Ctrl QY delete right end of line 

Ctrl QH delete left end of line 


Miscellaneous commands: 


CtrlM = Enter enter line of text 
CtrlJ Ctrl-Enter _ enter and simplify line of 
text 
Esc abort edit and return to 
menu 
Ctl V___siIns toggle insert/overwrite 
modes 
Ctrl U nsert previous line of text 
F3 insert highlighted 
expression 
F4 insert highlighted 
expression enclosed in 
parentheses 


On PC compatible computers, the following Greek 
letters can be entered by holding down the Alt key 
while pressing the corresponding Latin (English) 
letter: 


Alt-A alpha a Alt-M mu l 
Alt-B beta b Alt-P pi p 
Alt-G Gamma C Alt-S_ sigma r 
Alt-D delta d Alt-T tau S 
Alt-N epsilon e Alt-F Phi U 
Alt-H Theta h AlttO Omega X 


On PC compatible computers, the following 
mathematical constants and functions can be entered 
by holding down the Alt key while pressing the 
corresponding letter: 


Alt-E #e base of the natural logs 
Alt-I #i square root of -1 
Alt-Q SQRT square root function 


Functions, Constants, and Operators 


Derive knows how to approximate and/or simplify 
the following mathematical functions, constants, and 
operators. In approximate mode and given numeric 
arguments, they are approximated numerically to 
the current precision level. 


Otherwise they are simplified algebraically using 
powerful transformations. Many transformations 
are applied automatically; some are applied only 
when you request them by issuing a Manage 
command. 


Constants: 


#e base of the natural logarithms 

#i square root of -1 

pi circle’s circumference to diameter ratio 
deg _— radians per degree 

inf positive infinity 


Operators 

-Z minus Z 

Z+W z plus w 

Z-W z minus w 

z*w z times wz W z times w 

z/w z divided by w 

zw z raised to the power w 

Z% z percent = z/100 

z! z factorial 

Exponential functions: 

#e base of the natural logarithms 

EXP (z) #e raised to the power z 

SQRT (z) square root of z 

Logarithmic functions: 

LN (z) natural log of z 

LOG (z) natural log of z 

LOG (z, w) log of z to the base w 

Trigonometric functions: 

pi circle’s circumference to 
diameter ratio 

deg radians per degree 

SIN (zdeg) __ sine of z degrees 

SIN (z) sine of z radians 

COS (z) cosine of z radians 

TAN (z) tangent of z radians 

COT (z) cotangent of z radians 

SEC (z) secant of z radians 

CSC (z) cosecant of z radians 
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Inverse trigonometric functions 
(radians): 


ASIN (z) angle whose sine is z 
ACOS (z) angle whose cosine is z 
ATAN (z) angle whose tangent is z 
ACOT (z) angle whose cotangent is z 


ATAN (y, x) _ angle of the point (x,y) 
ACOT (x,y) angle of the point (x,y) 
ASEC (z) angle whose secant is z 
ACSC (z) angle whose cosecant is z 


Hyperbolic functions: 


SINH (z) hyperbolic sine of z 
COSH (z) hyperbolic cosine of z 
TANH (z) _ hyperbolic tangent of z 
COTH (z) _ hyperbolic cotangent of z 
SECH (z) _ hyperbolic secant of z 
CSCH (z) _ hyperbolic cosecant of z 


Inverse hyperbolic functions: 


ASINH (z) _ inverse hyperbolic sine of z 
ACOSH (z) _ inverse hyperbolic cosine of z 
ATANH (z) _ inverse hyperbolic tangent of z 
ACOTH (z) _ inverse hyperbolic cotangent of z 
ASECH (z) _ inverse hyperbolic secant of z 
ACSCH (z) _ inverse hyperbolic cosecant of z 


Piecewise continuous functions: 


ABS (x) absolute value of z 

SIGN (x) sign of z 

MAX (x, y, ...) maximum of arguments 
MIN (x, y, ...) minimum of arguments 
STEP (x) lif x>0; Oif x<O 

CHI (a, x, b) 1 if a<x<b; 0 if x<a or x>b 


Complex variable functions: 


#i square root of -1 

ABS (z) absolute value of z 
SIGN (z) sign of z 

RE (z) real part of z 

IM (z) imaginary part of z 
CONJ (z) complex conjugate of z 
PHASE (z) _ phase angle of z 


Probability functions: 


z! z factorial 

GAMMA (z) gamma of z 

PERM (z,w) _ permutations of z things taken 
W at a time 

COMB (z,w) combinations of z things taken 
W at atime 
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Statistical functions: 


AVERAGE (zl, ..., zn) arithmetic mean 
(average) 

RMS (21, ..., zn) root mean square 

VAR (21, ..., zn) variance 

STDEV (z1, ..., zn) standard deviation 

FIT (m) least-squares fit to 
data matrix m 

Error functions: 

ERF (z) error function 

ERF (z,w) generalized error function 

ERFC (z) —_ complementary error function 

NORMAL (z, m, s) normal distribution 

function with mean m 


and standard deviation s 
Financial functions: 


PVAL (i, nper, pmt, fval, time) present 
value of contract 

(i, nper, pmt, pval, time) future 
value of contract 

PMT (i, nper, pval, fval, time) 
periodic payment of contract 

(i, pmt, pval, fval, time) 

number of payment periods of 
contract 


FVAL 


NPER 


Calculus functions: 


LIM (u, x, a) 

from above 

LIM (u, x, a, 0) limit of u as x approaches a 

from below 

DIF (u, x) derivative of u wrt x 

DIF (u, x, n) nth order derivative of u wrt x 

TAYLOR (u, x, a,n) nth order Taylor 
approximation of u about a 

INT (u, x) antiderivative of u wrt x 

INT (u, x, a,b) definite integral of u wrt x from 
atob 

SUM (u, n) antidifference of u wrt n 

SUM (u, n, k, m) definite sum of u as n goes 

from k tom 

PRODUCT (u, n) antiquotient of u wrt n 

PRODUCT (u, n, k, m) definite product of u as 
n goes from k tom 


limit of u as x approaches a 


Vector functions: 


VECTOR (u,k,m,n,s) a vector of u as k goes 
from m to n in steps s 

ELEMENT (v, n) element n of a vector 
v.w dot product of 


vectors 
CROSS (v, w) cross product of two 
vectors 
DIMENSION (v) number of elements of a 
vector 
OUTER (v, w) outer product of two 
vectors 


Matrix functions: 


IDENTITY_MATRIX (n) n by n identity 


matrix 

ELEMENT (A, j, k) element in row j and 
column k of a matrix 

A.B dot product of matrices 

A‘ transpose of a matrix (On PC- 
9801, use Yen char) 

DET (A) determinant of a square matrix 

TRACE (A) trace (sum of diagonal) of a 
square matrix 

A‘%-1 inverse of a square matrix 


ROW_REDUCE (A, B) row echelon form of 

A augmented by B 

CHARPOLY (A, x) characteristic polynomial 

of a square matrix 

EIGENVALUES (A) eigenvalues of a 
square matrix 


Differential vector calculus: 


GRAD (expn) _ gradient of expn depending 

on x, y, and z 

GRAD (expn, v) gradient of expn depending 

on variables in v 

GRAD (expn, A) gradient of expn in 
coordinate system A 

DIV (vy, A) divergence of a 

vector 

LAPLACIAN (expn, A) divergence of the 

gradient of expn 

CURL (vy, A) curl of a vector 





Integral vector calculus: 


POTENTIAL (v) scalar potential of a 
vector 

POTENTIAL (v, w) potential of a vector 
with starting coordinates w 

VECTOR_POTENTIAL (v) vector 
potential of a vector 

JACOBIAN (v, w) Jacobian matrix of 
partial derivatives 

COVARIANT_METRIC_TENSOR (J) 
Covariant metric tensor of 

Jacobian matrix 

SQRT_DIAGONAL (G)square roots of the 
diagonal of a metric tensor 


Equation operators and functions: 


u=Vv u equals v 

u/=v u not equal v 

u<v u less than v 

u<=Vv u less than or equal to v 

u>v u greater than v 

u>=Vv u greater than or equal to 
Vv 

SOLVE (u, x) solve u=0 forx 


SOLVE (u = v, x) solve u=v forx 
SOLVE (u =v, x, a,b) solve u=v for x in 
[a, b] 
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A Session with Andrea 





The work you will see was done by Andrea Monti when 
She was in the sixth grade. She had begun working on 
Derive and Mathematica once a week, for a couple of 
years before this. Andrea's judgment of her math abili- 
ties is that she is competent but no genius. Her mother 
and teachers in school would agree. 


I see Andrea as a visual person. On the wall of my 
workroom are many examples of her math/art creations. 
She is full of energy and concentration when the work 
has a visual aspect, especially when she is free to create 
in a supportive environment. 


I never saw Andrea interested in symbolic manipula- 
tion. We did some work with equivalent algebraic ex- 
pressions and factoring polynomial and binomial expan- 
sions. Andrea went along politely but you could tell 
her heart wasn't in it. Then, four months before the 
session I am about to describe, she arrived for her class 
at The Math Program and sat by the Mac with Mathe- 
matica at the ready. She was ready to give it a try. This 
Started an amazing adventure. I have 40 pages of her 
work, mostly created by my simple suggestion and then 
her own creating. 


In this session on Derive, I was present only at the be- 
ginning and end. We printed out the results with a 
boldface type to show her input and an italic face to 
Show Derive's response. When she types in a problem, 
it is her own idea (drawn from previous experiences) 
and when she types = and an answer it is always done 
mentally . . . no writing. 
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On Mathematica, Andrea had typed her name and 
manipulated it algebraically. On Derive, re is read as a 
function for the real part of what follows so Derive's 
response was new to her. See how she struggles with 
the new conditions. 


A friend of mine, Horatio Porta, saw some of Andrea's 
printouts and said, "Oh, she is teaching herself algebra." 
I agree and I believe that Andrea's visual sense is driv- 
ing her algebraic experience. 


What you see in these few pages is a tiny window on 
the marvelous world that will be possible when we put 
appropriate mathematical tools into the energetic 
hands of young people. We must also show interest and 
support their work and provide just a bit of guidance. 
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999999*999999 = 999998000001 
999998000001 = 999998000001 
11111111*11111111 = 123456787654321 
123456787654321 = 12345678765432] 
a*n*d*RE(a) *a*n*d*RE(a) *a*n*d*RE(a) 
*a*n*d*RE(a) *m*o*n*t*i *m*o*n*t*i *m*o*n*t*i 
*m*o*n*t*j 

ANS*d4* iM * m4 * n8¥* OM 1M 

a*n*d*RE(a) *a*n*d*RE(a) *a*n*d*RE(a) 
*a*n*d*RE(a) *a*n*d*RE(a) *a*n*¥d*RE(a) 
*a*n*d*RE(a) *a*n*d*RE(a) = a*n*d*RE(a)'6 
aN 6* a8 *n"8 = a7*d*n 


ata*ata*a*a*a*atata*a*b*b*b*b*b*b*b*b*g*g*pt oto t*t*¢*¢4 
= ah 11*bDA8* g45*t45 


ANT *DAS* g5* 145 = a1] *EDAS* gAS* (AS 
a*n*d*RE(a) *a*n*d*RE(a) *n*d*RE(a)*143 
ANS * d*3*¥ n3 


a*a*a*a*a*a*a*a*a*a*a*a*a*atatgtg*g*stgtg%s = 
a418*s*1144 


aN S*s4 = 14641*aN18* 5 


acc ease ccccncsnecncencenacansccannsnmnasnssaassasnaenaansanmansssaseantih 
Sissies ccsccencsncsncceescenscceenncmneemeennaet 


andrea*andrea*andrea*andrea*andrea*andrea 


andrea 





a*z*a*7z*z*za*a*a*a*ZZ*aZ = q\4*z43*az41*za‘1*2z41 
a5 *az *za *zz *z43 = aM *az *za *2z * 73 


ZZAa *AZZZ *AZLZ *aZZZ *zza *2ZzZa *ZZZa = zza*3 *azzz43 
*777a‘1 


azzz3 *zza/3 *zzza = azzz/3 *zza/3 *zzza 

yes *yes *yes *no *no *no *no = yes*3*no“4 
no™M*yes3 = no*yes/S 
abc*’*s*abc*’*s*abc*’*s*abc*’*s = abc*’*s*4 
‘M4*abc4* 54 = “*abc*sM4 


hello *hello *hello *hello *hello *hello *hello = 
hA7T*eA TFA T#IA T¥# 047 


helloN7 = eX7*h’7*1N14* 0%7 


xze *xcz *xez *xez *xcz *xcz *xcZ *xXCZ *xcz *xcz *xdr 
*ydr *xdr = zcx*10*xdr‘43 


xcZ9 *xdr43 *xzc = xdr*3 *zcx10 
h*e*l*]*o*h*e*l*1*0 = h42*e42*142*142*04%2 


e Q*W2* 1M * 0/2 = ef 2*hH/2* 1M FON 
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Appendix C 


Important Demonstration and Utility Files in Derive 


Demonstration Files 


Arith.dmo 
Algebra.dmo 
Trig.dmo 
Function.dmo 
Calculus.dmo 
Matrix.dmo 


Utility Files 


English.mth 
Metric.mth 
Physical.mth 
Solve.mth 
Vector.mth 


Numeric.mth 
Dif_apps.mth 


Int_apps.mth 


Ode1 .mth 
Ode2.mth 
Ode_appr.mth 
Recureqn.mth 
Approx.mth 


Exp_int.mth 
Probabil.mth 
functions. 
Fresnel.mth 
Bessel.mth 
Hypergeo.mth 
Elliptic.mth 
Orth_pol.mth 
functions. 
Zeta.mth 


Graphics.mth 


Misc.mth 


Support.pas 


Wletatetetetetete state atetet eels stetatetttt eee eee cece 


Sestatatatatstatatatatetatetetetetetete heer teteee etree eer ereranerete 


rev on sno ones onereWe se e"sa'e"s"e e's etsterats etetstetse’s 


eceleleare tate atte tats ta Tete tetetstatetateteteteMePsa8.0,8,0,8.02 00 ecccccoeee 
enone ata anatanetsratetatetateatetenetetetehet etree entree area arena teeta at tatet 
anna neon ant snes none ne ne ene ato rereisnetstetsetstetstetetetteteiete 










These files may be loaded into Derive via two different methods: 

First method: keystrokes: Transfer Load Derive filename.mth - which is 
slow and all the functions can be seen on the screen. 

Second method: keystrokes: Transfer Load Utility filename.mth - is much 
quicker but you will not see the functions on the screen. The functions can be 
read in the Derive manual. 


functions to solve systems of non-linear and complex equations. 
many functions to manipulate vectors and matrices...great 
educational value. 

functions for numerically approximating derivatives. 

many functions: implicit differentiation, tangent and normal lines 
to a curve, tangent planes. 

functions which generate LaPlace transforms, Fourier series, arc 
length, area, volume, centroids, areas, and volumes of revolution, 


function to generate Pade rational approximations which can be 
better than the corresponding Taylor series. 

Euler gamma function. 

Pochhammer, polygamma, Poisson, and binomial 


Chebychev, Legendre, Hermite, Weber, and Laguerre 


functions to allow plotting of cylinders, cones, space curves, 
spheres, and torus. 


many useful functions: ceiling, round, gcd, lem, Reimann sum 
approximations, integration by parts, nth prime, Fibonacci, 
Bernoulli, Catalan, and many others. 
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Appendix E 





Production Notes 


The layout of the book is a compromise between ease of use and 
readability. We wanted the reader to be able to easily read and use the 
book while working with Derive, A Mathematical Assistant (a regis- 
tered trademark of Soft Warehouse, Inc.) at the computer. Room was 
needed for recognizable screen shots from Derive sessions to be asso- 
ciated with the keystroke sequences. Also, rather than isolate equa- 
tions, they were included as part of the text to maintain a conversa- 
tional style. The trade-off has been some awkward breaks in equa- 
tions, a result of working in the very large 14pt typeface (before reduc- 
tion for printing). 


The draft of this book was written using Professional Write (a regis- 
tered trademark of Software Publishing Corp.) on a Toshiba T1000 (a 
registered trademark of Toshiba America, Inc.) laptop computer. The 
text was transferred to a 33 mhz 386 computer with VGA monitor, con- 
verted to ASCII text with Professional Write and imported into WordPer- 
fect Ver. 5.1 (a registered trademark of WordPerfect Corp.) for clean-up 
and preparation for placement in PageMaker Ver.4.0 (a registered trade- 
mark of Aldus Corp.). 


The pictures of graphs and equations were screen dumps taken from a 
second monochrome graphics monitor attached to the above 33 mhz 386 
computer using the Hercules graphics mode in Derive. Pizazz Plus (a 
registered trademark of Application Techniques, Inc.) was used to make the 
screen shots and dump them to disk in . TIF format. These shots were then 
imported directly into PageMaker. 


Pictures were resized and reversed (white on black to black on white) from 
within PageMaker. Equation frames, black backgrounds for graphs and 
the grey and black border graphics were created using PageMaker’s 
graphics features. 


Proof and camera-ready copy was generated on a NEC Silentwriter 2 
(Postscript) laser printer with 4 mega-bytes of memory. The pages were 
reduced to final size with a graphics camera. 


The Times New Roman and Symbol typefaces were used.. 


Mark Deininger 
Urbana, IL 
July 27, 1992 
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